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Search for Simplicity

We shall begin with a simple problem which does not yet
involve quantum mechanics. It is measuring the size of
molecules. We do this by finding the distance between
neighboring molecules in liquids, assuming that the mole-
cules touch each other because of the low compressibility of
liquids. Let us start with water.

Our method is as near as possible to a direct perception
by our senses. We perform two measurements which are
easy to visualize and to anticipate the result. One is a mea-
surement of the surface tension. A water film extends in a
rectangular wire frame of 1-cm width in a vertical plane.
The lowest side of the frame can move up and down along
the prolonged sides of the rectangle with a weight attached
(see Fig. 1). It would not surprise anyone that about a tenth
of a gram (exactly 0.145 g) is just in equilibrium with the
tension of the water film. (Remember that some insects can
walk on a water surface. An insect weighs about 0.01 g and
spans a surface of about 0.1 cm?) If the weight were less,
the surface tension would pull it upwards; if it were more,
the weight would pull it down. From this we conclude that
the work necessary to increase the surface of the film by 1
cm?’ is about 0.1-g weight lifted 1 cm, or about 100 ergs
(exactly 145 ergs). This corresponds to twice the surface
tension S, since extending the film by 1 cm? creates two new
surfaces of 1 cm?, one on each side.

The second measurement is heating and boiling away 1
cm’® of water from room temperature, a daily experience at
breakfast. How much energy is expended? Let us call it ;.
We need 80 calories to reach the boiling point and then 540
calories to evaporate it; so we get €, = 620 cal = 2.6 X 10'°
ergs. This amount of energy and the previous one are both
within our immediate experiences. The ratio is R =25 /e,

= 5.6X 10~°. The work to extend the water film by 1 cm?
is about 200 million times smaller than the work to trans-
form a gram of water into steam. That small ratio between
two easily visualizable energies leads to the small molecu-
lar size, about 100 million times smaller than 1 cm.

How can we get to the distance between molecules from -
that ratio? Extending the film by 1 cm? creates two new
surfaces of that area, as remarked before. The boiling is
equivalent to removing and isolating all molecules. We can
think of achieving this in our mind by the following process
(a student of mine called it the “salami method”). Take an
extremely sharp and thin knife and slice the cubic centi-
meter in slices as thin as the linear dimensions of one mole-

Fig. 1. A water film supporting a weight of 0.145 g,

}t——1cm——>(
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cule. There will be d ' such slices when d is the distance
between molecules. The molecules are not yet isolated.
Now perform again d ' cuts perpendicular to the previous
cuts; we then get linear strings of molecules. A third cutting
in the third direction isolates all molecules (see Fig. 2) and
ought to be roughly equivalent to boiling.

Each cut produces two surfaces of 1 cm?; thus it requires
the same energy as extending the film by 1 cm?. Threed !
cuts were necessary, so that the total binding energy must
beep =3d ~'2Sor

d=3R=6S/¢y. (1)

With our value of R we obtain a distance d = 1.7X 108
cm. This value is of the right order of magnitude but some-
what too low (the actual value is 3.16 X 10~%). As we will
see later on, the discrepancy can be traced to the fact that
water molecules are very asymmetric with the hydrogen
atoms attached to the oxygen at right angles, on one side
only, as it were.

The method should work better with liquids whose con-
stituents are more symmetric so let us apply it to cleaning
fluid, C Cl,, and to liquids Neon and Argon. The Cl atoms
in C Cl, surround the carbon atom symmetrically on the
edges of a tetrahedron. In Ne and Ar the constituents are
atoms with closed spherical shells. Table I gives the surface
tensions S, the binding energies €5, and the resulting dis-
tance d together with the actual value. The energy of rais-
ing the temperature to the boiling point is appreciable only
in the case of water. In the other cases, €5 is practically
equal to the heat of evaporation.

The surface tensions are those at 20°C for H,0 and C Cl,,
and at — 248°and — 188", respectively, for Ne and Ar. As
expected, our method works quite well for liquids with
symmetric constituents. Note that €5 for C Cl, is less than
1/8 of that of water. This is why cleaning fluid has such a
strong smell.

The physical basis of our method can be understood as
follows. A molecule in the interior of the liquid is bound to
its neighbors with a binding energy €,. A molecule at the

N | K2 j

’<~——1cm——+’

Fig. 2. The so-called “salami method” separating the molecules of a cubic
centimeter of water.
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Table 1. Surface tension S, binding energy €5, resulting distance d, and
actual value for H,0, C Cl,, Ne, and Ar.

HO CCl, Ne Ar
S'in ergs/cm’ 73 27 5.5 13.2
€5 in 10° ergs/cm® 26 3.1 1.1 2.7
d from (1)in 1078 em 1.7 5.2 3.0 3.0
Actual value of d 32 54 30 34

surface is less bound because it has no neighbor above. We
can estimate that difference by assuming that the binding is
composed of six bonds in the directions up, down, right,
left, forward, and backward. For a molecule at the surface,
one of them is missing, so the binding energy would be
about (5/6)¢,. Therefore a surface has an energy surplus
(binding means negative energy). For 1 cm? this surplus is
the surface tension S = (1/6)e,-d ~2, whered ~2is the num-
ber of molecules in 1 cm? of the surface. The energy €,
needed to take the cubic centimeter apart into separate
moleculesis€; = €,-d ~3, whered ~*is the number of mol-
ecules in the cube. Thus we get the relation (1) for d, the
same result as from our previous consideration.

The ratio 5/6 for the binding on the surface to the one
inside is only an estimate which is a good approximation
for spherical molecules. In the case of water we expect a
ratio closer to unity because of the following reason. The
water molecule carries a large electric dipole moment (re-
member the large dielectric constant of water). The bond
between molecules comes from the attraction of the posi-
tive side of one molecule by the negative side of its neighbor
{hydrogen bond). At the surface the molecules will arrange
themselves such as to lie with their dipoles parallel and not
perpendicular to the surface. Hence relatively less of the
binding is lost compared to the interior, than with mole-
cules for which the binding is spherically symmetric. Thus
the surface tension is less than (1/6)e,d ~2, say f ~'e,d ~2

20 Am. J. Phys., Vol. 53, No. 1, January 1985

with f> 6. Then expression (1) becomes d = fS /¢ leading
to a larger value of d.

This is the kind of consideration which we will frequent-
ly use when our conclusions are valid only under simple
conditions. We will try to understand qualitatively (not
quantitatively) in what direction the result deviates when
the circumstances are not as simple as assumed. The simple
conditions are especially suited to bring out the physical
content.

We have not yet established any connection between the
quantities used here, such as S or €, and the fundamental
constants of quantum mechanics such as the charge ¢ and
the mass m of the electron and Planck’s constant 4. This
will be done in future essays.

There are two questions left, the first of which I know the
answer; it will be provided in the next issue. I do not know
the answer to the second one, and I hope that a reader may
provide it.

The first question is the following. The above consider-
ations should also apply to solids. The distance d between
atoms should be given by (1) when 25 is interpreted as the
work necessary to perform one cut as illustrated in Fig. 2.
The binding energy € is larger than in liquids by the melt-
ing heat; the latter, however, is only of the order of 10% of
the heat of evaporation. But the effort to cut into a solid
seems to be extremely much higher so that one would get
much larger distances d. In fact, d is of the same order of
magnitude, if not smaller. How can one resolve this dis-
crepancy?

The second question: Applying the same method to mer-
cury and to molten metals such as Mg, Fe, and Cd, one
obtains values of d up to three times too large. Why? This is
all the more surprising because formula (1) gives smaller
values than the actual ones for molten metals such as Na,
Al, Cu, Ag, Sn, and Pb. The surface tension in the former
metals is more than our estimate of (1/6)ezd ~2. Itis easy to
understand lower values along similar lines as we used for
water, by arguing that the surface atoms adjust themselves
such that their energy is lowered, but hard to understand
larger ones.

Victor F. Weisskopf
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LETTERS TO THE EDITOR

Letters express personal opinions and may critically examine any aspect of physics or physics
instruction. They need not conform to our regular editorial policy and ordinarily are not reviewed.
From the large number submitted, published letters are selected for their expected interest for our
readers. They must be brief and are subject to editing, with the author’s approval of significant
changes. Comments on regular articles and notes are reviewed according to a special procedure and
appear in the Notes and Discussions section (see the “Statement of Editorial Policy” in the January
issue). Running controversies among letter writers will not be published.

IS THERE A FUTURE FOR THE
TACHYON?

Recent articles on Bell’s theorem and
the EPR paradox’ seem to imply that
the tachyon® may soon come into its
own. The superluminal EPR interac-
tion may be mediated virtual particles
of imaginary mass, whose effective
range is infinite, because they can flit
up and back over arbitrary distances
in no time, to exert their exotic influ-
ence on photons,-or anything for that
matter.

It is theoretically possible to put the
earth-moon system into a coherent
quantum state, such that an action on
earth will immediately affect the
moon. It may be that we have been
holding the moon captive that way,
and that it would really get queer if
nobody watched {if you look away, the
moon will play, so to speak).?

Virtual tachyons could be ex-
changed so fast that, according to the
Heisenberg uncertainty principle,
their energy would be completely un-
certain; but, due to the great distances
over which they could be exchanged,
their momentum could be very cer-
tain, as indeed it would have to be, if
they are to follow such a straight and
narrow course over such distance. If
particles of imaginary rest mass are
exchanged at infinite speed, their me-
tamass (the magnitude of the imagi-
nary mass) must be infinite, so the en-
ergy (the ratio of two infinite
quantities in this case) is indetermin-
ate, and their momentum (which re-
duces to the metamass multiplied by
the speed of light) will certainly be infi-
nite. This infinite (yet virtual) momen-
tum must carry out the deeds done in
EPR experiments in such a short time
that the quantum theory does not re-
quire conservation of energy or mo-
mentum; thus it is like borrowing a
huge quantum of energy momentum
from Mother Nature, and repaying it
before she has a chance to miss it.

There is then the Fermi paradox,*
regarding why it is that we are not
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swamped by superluminal communi-
cations from all over the universe (and
beyond). The difficulty of setting up
an EPR experiment in the laboratory,
however, seems to give the answer. To
establish a faster-than-light communi-
cation link between remotely distant
points, one would have to get the ap-
paratus set up at both ends, with relay
stations in between, so it would, in ef-
fect, be tantamount to creating a me-
dium of refractive index less than 1,
except that it would be a mysterious
quantum signal (carried by tachyons
rather than photons) which this medi-
um would convey, when one collapses
its wavefunction (as Davies puts it) or
reduces its state vector (as Paul puts
it). Instead of God playing dice with
the universe, it is like people setting up
God’s dominoes, to knock them down
at superluminal speed!

Kenneth J. Epstein
5252 Broadway #308
Chicago, IL 60640

20 June 1985

'H. P. Stapp, Am. J. Phys. 53, 306 (1985); see,
also, H. Paul, Am. J. Phys. 53, 318 (1985).

20. M. P. Bilaniuk, V. K. Deshpande, and E. C.
G. Sudarshan, Am. J. Phys. 30, 718 (1962); see,
also, P. C. W. Davies, The Physics of Time
Asymmetry (Univ. of California, Berkeley,
1974).

3N. D. Mermin, Phys. Today 38, 38 (1985).

“T. Donaldson, Analog Sci. Fict. Sci. Fact CV,
77 (June 1985). The superluminal is somewhere
between fact and fiction, waiting, like Schro-
dinger’s cat, to go one way or the other. Imagi-
nary particles, like imaginary numbers, may be
an idea whose time has come.

DEMONSTRATION TRUMPET
WITH A TROMBONE

The note “Demonstration trum-
pet”! was of particular interest to me
because I have been using a similar de-
monstration with a conventional
trombone. I have done it in musical
acoustics classes for several years
now. My approach lacks some of the

® 1985 American Association of Physics Teachers

simple elegance of that special demon-
stration trumpet. However, it works
almost as well and has the advantage
that you do not need to destroy an in-
strument to perform the experiment.

What I do is push a piece of ordi-
nary }-in. garden hose snugly into the
bell of my trombone and trim the hose
flush with the end of the bell. (The ac-
tual dimensions of the scrap hose I use
are %-in. id., }in. o.d.,, and 19} in.
long.) The counted frequencies of the
tones blown without and with the hose
are then compared and give very close
to 2:3:4:5:6 and 3:5:7:9:11 ratios, re-
spectively.

Something not mentioned in the
note cited was the special technique
needed for using a digital counter
here. It is impossible to count directly
the harmonic-rich signal from the in-
strument and thus get the fundamen-
tal frequency of the tone. Such a direct
count gives randomly varying
numbers much higher than the funda-
mental. One must add a low-pass filter
set to remove most of the overtone
content. For the trombone, cutoff fre-
quencies of 150-300 Hz are appro-
piate. A tunable filter, such as the old
Pasco Fourier analyzer, is most con-
venient for this application.

1 feel this simple demonstration is
rather effective, and it always delights
the students to see the hose in the bell.

J. Gerard Anderson

Department of Physics and
Astronomy

University of Wisconsin-Eau Claire
Eau Claire, WI 54701

25 June 1985

'B W. Holmes, Am. J. Phys. 53, 504 (1985).

THE SURFACE OF WATER, OR
ICE

In the first “Search for Simplicity,”
Weisskopf” attributed the fact that for
water the molecular binding energy at
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the surface is more than £ of the one in
the interior, to the shape of the water
molecule. In his view, the superficial
water molecules would lie with their
dipoles parallel to the surface, so that
less of the binding energy is lost (com-
pared to the interior) than with mole-
cules for which the binding is spheri-
cally symmetric.

However, the existence of a quadru-
pole moment? in water molecules im-
plies an asymmetry in their dipoles; it
could be energetically favorable for
surface molecules to be oriented with
their dipoles directed into,? or out of,*
the surface. The existence of such a
transition region on the water surface,
particularly in the solid form, could be
related® to the many peculiar proper-
ties of ice. A liquidlike, disordered re-
gion on the surface of a solid, while
still below its melting point, may exist
not only in ice but also in lead® and
copper.’

G. J. Turner
Department of Physics
University of Auckland
Auckland, New Zealand

'V, Weisskopf, Am. J. Phys. 53, 19 (1985).
2See, €. g., R. M. Glaeser and C. A. Coulsen,
Trans. Faraday Soc. 61, 389 (1965).

3N. H. Fletcher, Physics and Chemistry of Ice,
edited by E. Whalley, S. J. Jones, and J. W.
Gold (R. Soc. Can., Ottawa, 1973), p. 132.

4G. J. Turner, Philos. Mag. A 48, L45 (1983).
3G. J. Turner and C. D. Stow, Philos. Mag. A
49, L25 (1984).

¢J. Frenken and J. F. van der Veen, Phys. Rev.
Lett. 54, 134 (1985).

C. S. Jayanthi, E. Tosatti, and L. Pietronero,
Phys. Rev. B 31, 3456 (1985).

RESPONSE TO TURNER'S “THE
SURFACE OF WATER, OR ICE”

Turner is an expert on the structure
of water and is justified in criticizing
my assumption that surface water
molecules have their dipoles parallel
to the surface. However, whatever the
energetics of the interaction demand,
they will arrange themselves such that
the energy at the surface is lowered.
This is all that is necessary to under-
stand in a qualitative way that less of
the binding is lost at the surface, than
with molecules for which the binding
is symmetric.

Victor F. Weisskopf

Department of Physics

Massachusetts Institute of Technology
Cambridge, MA 02139
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THE SI IS NOT IDEAL FOR
TEACHING ELEMENTARY
ELECTROMAGNETISM

Nearly 35 years ago the “Report of
the Coulomb’s Law Committee of the
AAPT” was published in this jour-
nal.! It recommended the abandon-
ment of the earlier approaches to elec-
tromagnetism based on the cgs system
of units in favor of what today is called
the SI approach, which combined the
so called “practical units” such as am-
pere, volt, farad, etc. with the absolute
mks units. For more than 100 years,
teaching of electromagnetism was
based on the esu, emu, and Gaussian
systems, all derived from the propos-
als made first by Gauss and Weber,
and then by Maxwell, Kelvin, Joule,
and other great scientists.

Transition from the earlier systems
to the SI was far from smooth; many
scientists opposed it on various
grounds, as vividly recorded by Var-
ney.? But, finally, the new system pre-
vailed and by now much experience
has been accumulated in using it in
elementary physics. Teaching exper-
ience shows that it is practically im-
possible to deal with ¢, and g, in a
logically consistent manner. These ar-
tificial dimensional factors are always
introduced in a postulatory way or
supported by arguments such as “why
not” and “it will be clear in the fu-
ture.” Like the so-called ““new math,”
the SI approach is too formal and per-
haps is partially responsible for the de-
clining interest in physics among our
youngsters.

The situation can be remedied with-
out returning to the hodgepodge of ap-
proaches which existed prior to the in-
troduction of the SI. It is possible to
create a set of teaching units for elec-
tromagnetism based on the mechani-
cal units of the SI and supplemented
by a new unit of charge. Like the old
stacoulomb, the new unit of charge
would be defined by the Coulomb’s
law, but with F in newtons and 7 in
meters. Other units would be devel-
oped progressively as in the old esu
system, matching the order in which
we teach the subject in the introduc-
tory courses. Instead of artificial £,
and u,, only one natural factor, the
speed of light, would appear in the
equations dealing with electromagne-
tism.

It is true that this approach would
generate units which are most often
different from those of the SI, but per-

Am. J. Phys., Vol. 53, No. 12, December 1985

haps this price is worth paying for the
benefit of clarity. Inconveniences as-
sociated with the symbiotic coexis-
tence of two systems of units (not four
as it used to be} would be much less
damaging than circular reasoning
built into the ways in which electro-
magnetic phenomena are now de-
scribed and passed from one genera-
tion to another. An introductory
course does not have to be a diluted
version of an advanced description.
We should build on what is below and
not on what is above. Unfortunately,
the SI approach to electromagnetism
does not facilitate this natural meth-
odology.

Ludwik Kowalski
Montclair State College
Upper Montclair, NJ 07043

'Am. J. Phys. 18, 1 (1950).
ZR. N. Varney, Am. J. Phys. 8, 222 (1940).

A SIMPLE FIRST-ORDER TEST
OF SPECIAL RELATIVITY

There is a basic flaw in the analysis
of the Fresnel drag in the paper by Byl
et al.' The corresponding flaw in my
own paper’ which is quoted in Ref.1,
was the subject of comment by
Zhang.}

Although Eq. (8) reduces to ¢’ =¢
when n = 1, the speed ¢’ is relative to
the ether, whereas in the analysis in
the paper it is assumed to be relative to
the apparatus. As referenced on the
ether, the lengths of the ray paths
change during their transit. To as-
sume that these paths are fixed in
length the light speed in top beam is
¢ — v and that in the lower beam is
c/n+(1—1/n*v —v or c/n—uv/n’
To first order in v/c the transit times
over the same length are proportional
to the inverse of these, namely to
1 +v/c and n(l1 + v/cn). The differ-
ence is independent of v/c, meaning
that no first-order measurement of
speed anisotropy is possible by the
proposed method.

Even so, it should not be supposed
that first-order measurements are not
feasible. When waves are reflected
back upon- themselves, as in the Mi-
chelson-Morley experiment, standing
waves are formed with electrical field
nodes locked onto the mirror surface.
We then have no certain knowledge

Letters to the Editor 1131



mountains formed by volcano activ-
ity. But there is no reason why such
mountains would reach the maximum
height.

Incidentally I would like to correct
a misprint in that column. The melt-
ing heat €,, = 0.089 and not 0.148 eV.
However the estimate of the height of
the mountain was made with the cor-
rect value. There is also some confu-
sion in the notation in the first formula
on p. 111, but the final values are cor-
rect.

Victor F. Weisskopf

Department of Physics

Massachusetts Institute of Technology
Cambridge, MA 02139

NOTE ON “THE AXIOMS
UNDERLYING MAXWELL'S
ELECTROMAGNETIC
EQUATIONS” [G. B. WALKER,
AM. J. PHYS. 53, 1169 (1985)]

The passage of over 35 years since
the appearance of our “Note on the
Presentation of Maxwell’s Equations”
in this very Journal' makes it under-
standable that Professor G. B. Walker
might have overlooked our work in
preparing his insightful article. We
had discussed how certain combina-
tions of

Gauss’s law V- E=p, (N

Ampere’s law V-H=J, 2)

Conservation of charge
VI+p=0, (3)

Maxwell’s 2nd equation without
charges

VXH=¢E, (4)
Maxwell’s 2nd equation with charges
VXH=¢E+1J, (5)

imply the remaining equations. In
particular we demonstrated how the
combination (1), (3), and (4) leads
to (5), and thence trivially to (2). We
paid particular attention to accommo-
dating the singularities engendered by
the passage of point charges through
surfaces of integration. Professor
Walker does essentially the same
thing, with perhaps less worry about
the singularities. We share with Pro-
fessor Walker the value of the insight
afforded by seeing how displacement
current implies the magnetic field as-
sociated with a current. In fact, we
wrote

«...It appears to us that a more suit-
able method of correlating the con-
cepts (of conduction current and dis-

placement current) is to begin with
the displacement current as funda-
mental; and then proceed to interpret
conduction current as a phenomenon
of the same nature, magnetically, as
the motion of the electric fields sur-
rounding the moving charged parti-
cles that constitute the conduction
current.”

But as much as this view appeals to us,
we are not so confident as to which
laws should be considered “facts,”
“doctrines,” “axioms,” or whatever.
That, however, is another story.

John P. Vinti
Department of Aeronautics
and Astronautics

" Massachusetts Institute of Technology

Cambridge, MA 02139

D. J. X. Montgomery
Department of Metallurgy,
Mechanics and Materials Science
Michigan State University

East Lansing, MI 48824

John P. Vintiand D. J. X. Montgomery, Am. J.
Phys. 17, 298 (1949).

REPLY TO THE NOTE BY
VINTI AND MONTGOMERY

At first sight it may appear that the
two papers cover the same ground and
differ only in detail in the calculation
of the magnetic effect of a current of
point charges. In fact, the subject of
Maxwell’s equations is approached in
very different ways.

The objective of the Walker paper is
to examine the following question. As-
suming Maxwell’s equations to be cor-
rect in a particular inertial reference
frame (as defined by Einstein) what in
fact are the laws of nature underlying
these equations? The objective of the
paper by Vinti and Montgomery, as
stated on p. 299, is to show how one of
Maxwell’s equations can be derived
from a form of that equation (omit-
ting the term indicating electric cur-
rent density) by the explicit use of an
equation expressing conservation of
charge. In other words, they are con-
cerned primarily with a mathematical
issue and in their current note quite
properly refer to the Walker paper as
“another story.”

It is to be hoped that the two papers
will stimulate interest in basic ques-
tions in electromagnetism which for
many years have come to be regarded
as dead issues by teachers, writers, and
journal review boards. That flaws in
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Mazxwell’s arguments have been ex-
posed is surely reason for teachers to
be wary of repeating these same argu-
ments solely on the grounds of tradi-
tion. My only criticism of the excellent
paper by Vinti and Montgomery is
that they continue to speak of “dis-
placement current” a phrase Maxwell
himself might now regret having in-
troduced.

G. B. Walker

Department of Electrical Engineering
University of Alberta

Edmonton, Canada T6G 2E!

ON MAXWELL’S FAITH

Paul Theerman’s recent article' ne-
geltcted two interesting points regard-
ing James Clerk Maxwell’s faith. As
Korg? has pointed out, the Victorians;
among their many phobias, had a ten-
dency to express a kind of “‘theological
agoraphobia,” if you will, after learn-
ing that the Earth was a minute speck
lost in the immensity of the universe.
Tennyson, who wrote In Memoriam,
AH—the credo which sums up the
nineteenth century crisis of faith—
called these vast reaches “the waste
places of the sky” (Canto 3). Perhaps
Maxwell envisioned future genera-
tions cured of this despair by the good
news to be discovered in his electro-
magnetic theory: Because the lumini-
ferous aether “fills the smallest por-
tion” of this immensity, Maxwell
believed he had not only unified elec-
tricity and magnetism, but had bound
the great universe together in unity, as
well. Here he seems to be addressing
Tennyson.

The vast interplanetary and in-
terstellar reaches will no longer
be regarded as waste places in the
universe, which the Creator had
not seen fit to fill with the sym-
bols of the manifold order of his
kingdom.?

As for F. D. Maurice, Theerman
did not describe the radical implica-
tions of his theology, which had him
briskly trounced from King’s College.
In brief, Maurice seemed to interpret
the famous phrase, “The kingdom of
God is at hand,” to mean, “The king-
dom of God is at hand, at your very
fingertips—in this life, not necessarily
in some afterlife. Pick it up and grasp
onto it.” For his damage to the pro-
mise of afterlife, Maurice was regard-
ed as dangerous; as poison.

The interesting question that re-
mains is not so much why Maxwell
embraced this enlightened view and
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Search for Simplicity: Quantum mechanics and the Pauli principle

Quantum mechanics is based upon the wave-particle du-
ality. An entity such as an electron exhibits both wave and
particle properties. It is neither a particle or a wave in the
classical sense. Let us call it a “wavicle,” an expression
introduced by Eddington in his 1927 Clifford Lectures.
The physical state of a wavicle or of a group or wavicles,
“the quantum state,” is described by a wave function, a
mathematical expression from which the results of any ex-
perimental observation can be deduced according to well-
established rules. In these essays, we will rarely enter intoa
detailed discussion of wave functions.

The connection between the wave and particle aspects
are established by the DeBroglie relations. The momentum
p and energy E of the particle, the wavenumber &, and
frequency @ of the wave, are related to each other, when
“particle” and “wave” are the two aspects of the same wa-
vicle. (The wavenumber k is defined by k =# !, A=
A /27, where A is the wavelength; the frequency o is 27
times the number of up and downs per second.) These rela-
tions are

p = ﬁk, E = ﬁa), (1)
where # is Planck’s constant divided by 27(#~10"%
erg s).

Two conclusions emerge from this. It is known that
waves confined to a finite volume must be superpositions of
vibrations of a series of definite frequencies ;. Therefore
an electron, when confined in space, can only assume cer-
tain energy values hw; which we call the spectrum. Further-
more, the wave vibrations corresponding to these values
have well-defined shapes. In ordinary matter this confine-
ment is due to the electrostatic attraction by the nuclei
within atoms. Thus specific shapes and forms enter into
physics as a necessary step. This is one of the important
insights of quantum mechanics into the origin of well-de-
fined shapes which abound in nature. That “morphic” trait
is the ultimate cause that the same flowers appear each
spring, whose properties are governed by the electron con-
figurations in the DNA molecules.

The second conclusion has to to do with the lowest kinet-
ic energy of a single wavicle confined to a restricted region
in space. Necessarily the lowest wave shape will be a super-
position of plane waves with 7 of the order of the linear
dimensions R of the confinement. Since the kinetic energy
K is p?/2m, where m is the mass of the wavicle (we are
dealing with nonrelativistic cases), the minimum value is of
the order

K i ~#2/(2mR ?). 2)

What is the minimum kinetic energy if more than one
particle are confined to a volume ¥~ R 3? If the particles
are equal (including spin) we must make use of the Pauli
principle. We formulate the principle for our purposes in
the following way: If N equal particles are confined in a
volume ¥~ R 3, they cannot be all in the lowest state with
7~ R. One obtains the average kinetic energy by assuming
that each of the N particles is confined to a volume V' /N.
The Pauli principle acts as if each particle has its “private
room.”

Therefore the minimum total kinetic energy of N equal
particles in a volume V'is

K., =«kN#/2md?, d3>=V/N, (3)
where « is a constant of order unity. When we are dealing
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with electrons in a volume ¥, two electrons with opposite
spin can be in one “private room.” This does not change the
order of magnitude of the kinetic energy {3). For this case a
more quantitative calculation gives the value

K =(3/5)3m22* =57 4)

for simple volumes such as a cube or a sphere.

The kinetic energy (3) increases with decreasing confin-
ing volume. It takes work to compress wavicles. We there-
fore speak of a “‘Schrodinger pressure” P which a wavicle
or N wavicles in their lowest states exert towards the out-
side, in contrast to classical physics where all particles are
at rest in the lowest state and do not exert any pressure. Pis
the (negative) derivative of the minimum kinetic energy:

dK i # (N\3
—K'——( ) . (5)
dv 2m

vV

In the case of electrons confined to a volume V, ¥’ =
(2/5)(37%)*'® = 3.8. Consider, for example, the conduction
electrons of a metal. In simple metals, such as the alkali
metals, there is one electron per atom moving more or less
freely within the metal, forming an “electron gas.” Insert-
ing a plausible valued = (N /V)'/3 of 2.5 X 10— % cm into (5)
we get a Schrodinger pressure of a quarter of a million
atmospheres. The metal does not explode because the elec-
trons are contained by the electrostatic attraction of the
ions. When a metal is compressed the kinetic energy goes
up as d ~2, whereas the Coulomb attraction rises only as
d ~!, or even less since the Pauli principle does not allow the
conduction electrons to penetrate into the electron shells of
the ions. Therefore compression is resisted by a good frac-
tion of the Schridinger pressure. Indeed, pressures of that
order are necessary to reduce the volume of a metal by a
significant amount (say 20%).

The resistance against pressure is measured by the bulk
modulus B. It has the dimension of a pressure. If 7% of the
pressure B is applied, the volume decreases by n%. Table I
shows P in ergs/cm? calculated by means of (5) compared
with the observed bulk modulae' for alkali metals. One
atmosphere is 10° ergs/cm>.

Indeed, P is of the same order of magnitude as B but
somewhat smaller with the exception of Li. The additional
effect comes from the electron clouds around the ions
which can be considered as an electron gas confined to the
ionic volume. They also resist compression. The higher Z,
the larger are the ions and the more important is their role.
We only considered the effect of the almost free conduction
electrons because it is simple to calculate their Schrédinger
pressure.

The resistance to compression of nonmetallic materials
is solely caused by the electron clouds around the atoms. It
is not easy to find an approximate expression for this effect.

Table I. P in ergs/cm® compared with the observed bulk modulae for
alkali metals. : ‘

Metal Li Na K Rb Cs
d x10° cm 2.8 34 4.2 44 4.8
Px10— 1.4 0.51 0.18 0.14 0.09
Bx10~H1 1.2 0.68 0.32 0.31 0.20

© 1985 American Association of Physics Teachers 109



What counts are the outer electrons, since the inner ones
are held tightly by the nuclei. Thus the expected pressure
resisting compression should correspond very roughly to
an electron gas with several electrons per atom. We there-
fore expect values of the same order but somewhat larger
than the ones for a gas of one free electron per atom. When-
ever you feel in your daily life the hardness of solids, be they
metals, rocks, ceramics, or wood, remember that it is the
Schrodinger pressure which causes it, the resistance of elec-
trons being forced to assume smaller wavelengths.

Here is a question which will be answered in the next
installment: How can we understand the “private room”
concept as a consequence of the Pauli principle?

Answer to the question of the first installment: Let us cut

110 Am. J. Phys., Vol. 53, No. 2, February 1985

into a cubic centimeter of a solid which we assume to be a
crystal. Let the cut be along a crystal plane. We certainly
need a strong force, but the two halves fall apart by them-
selves when the cleaving has created a split of the order of a
lattice distance d. That needs only a penetration of a few d.
Thus the energy (force times distance) of producing two
surfaces is about as small as in a liquid. The cutting of a
liquid sample requires a weak force but it is applied all the
way through.

Victor F. Weisskopf

'C. Kittel, Introduction to Solid State Physics (Wiley, New York, 1976),
Sthed, p. 85.

Search for Simplicity 110



AMERICAN
JOURNAL

PHYSICS EDUCATION Oj" PHYSICS
cm——

Search for Simplicity: Quantum mechanics of atoms
Victor F. Weisskopf

Citation: Am. J. Phys. 63, 206 (1985); doi: 10.1119/1.14122

View online: http://dx.doi.org/10.1119/1.14122

View Table of Contents: http://ajp.aapt.org/resource/1/AJPIAS/v53/i3
Published by the American Association of Physics Teachers

Related Articles

The quantum mechanical picture of the world
Am. J. Phys. 73, 273 (2005)

Understanding Bohmian mechanics: A dialogue
Am. J. Phys. 72, 1220 (2004)

Quantum interference in a driven washboard potential
Am. J. Phys. 72, 1017 (2004)

Operator domains and self-adjoint operators
Am. J. Phys. 72, 203 (2004)

Quantum Measurement of a Single System
Am. J. Phys. 71, 639 (2003)

Additional information on Am. J. Phys.

Journal Homepage: http://ajp.aapt.org/

Journal Information: http://ajp.aapt.org/about/about_the_journal

Top downloads: http://ajp.aapt.org/most_downloaded

Information for Authors: http://ajp.dickinson.edu/Contributors/contGenInfo.htmi

ADVERTISEMENT

)

New Orleans

AAPT2013
-

Downloaded 24 Jan 2013 to 128.220.147.189. Redistribution subject to AAPT license or copyright; see http://ajp.aapt.org/authors/copyright_permission


http://ajp.aapt.org/?ver=pdfcov
http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/test.int.aip.org/adtest/L23/1990271886/x01/AIP/AAPTWinterMeet13_AJPCovAd_1640banner_Sept_2012/WM13_artcl_dwnld.jpg/7744715775302b784f4d774142526b39?x
http://ajp.aapt.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AJPIAS&possible1=Victor F. Weisskopf&possible1zone=author&alias=&displayid=AAPT&ver=pdfcov
http://ajp.aapt.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1119/1.14122?ver=pdfcov
http://ajp.aapt.org/resource/1/AJPIAS/v53/i3?ver=pdfcov
http://www.aapt.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1119/1.1830504?ver=pdfcov
http://link.aip.org/link/doi/10.1119/1.1748054?ver=pdfcov
http://link.aip.org/link/doi/10.1119/1.1757446?ver=pdfcov
http://link.aip.org/link/doi/10.1119/1.1624111?ver=pdfcov
http://link.aip.org/link/doi/10.1119/1.1568972?ver=pdfcov
http://ajp.aapt.org/?ver=pdfcov
http://ajp.aapt.org/about/about_the_journal?ver=pdfcov
http://ajp.aapt.org/most_downloaded?ver=pdfcov
http://ajp.dickinson.edu/Contributors/contGenInfo.html?ver=pdfcov

Search for Simplicity: Quantum mechanics of the hydrogen atom

In the last essay we introduced the minimum kinetic en-
ergy K., ~#/(2mR ?)of an electron of mass m confined to
a volume of linear dimension R. We observed that it will try
toexpand (Schrodinger pressure) if it is not kept from doing
50 by a confining force. With these concepts we can directly
determine the energy and size of the hydrogen atom. The
electron wavicle surrounds the nucleus in a spherical cloud
with an average radius R. The lowest state is the result of
two forces in equilibrium: the electrostatic attraction e?/R 2
of the nucleus and the tendency of the cloud to expand.
This tendency can also be expressed in terms of a force, the
“Schrodinger force.” Whenever an energy depends on a
coordinate x, there is a force to change x; it is the negative
derivative of the energy with respect to x. Thus the Schro-
dinger force is the negative derivative of the minimum ki-
netic energy with respect to R. Setting these two opposing
forces equal gives

e 2 dk, min ﬁz ( 1 )

R? dR  mR*®
That relation determines R, which happens to come out
equal to the “Bohr radius”:

R ~#/(me*)=ap = 0.53x 10~ % cm. (2)
The energy E of the electron in this state is
E~ — [ + # > (3)
R 2mR
Inserting (2) gives
E~ —me*'/21? = —e*/ay = — 13.6 V. (4)

The energy |E | is called Ry(rydberg); it is the amount nec-
essary to liberate the electron. It is remarkable that we get
the exact result for the ionization energy of hydrogen by
using our approximate estimates.

The relation (1) happens to be the condition for the ener-
gy (3) to be a minimum. Therefore the results (2) and (4) can
also be interpreted as resulting from finding the lowest pos-
sible value of the energy as one would expect for the lowest
quantum state.

The excited states of hydrogen can be found by a similar
procedure. Higher quantum states have # nodes in their
wave functions. Then the characteristic wavelengthAis R /
n, giving rise to a higher kinetic energy K, ~n*#*/(2mR ?).
The corresponding stronger expanding force

dK, n’#

dR mR*
is balanced by the Coulomb attraction ¢*/R * and gives rise
to larger radii R, = n*#*/(me?). Inserting this into the en-
ergies E, = — ¢°/R + K, yields the well-known Balmer
formula E, = — (me*/2#7)(1/n%). Note that the energy is
smaller than mc? by a factor (¢?/#c)* which shows that the
use of a nonrelativistic expression for kinetic energy is justi-
fied.

What about atoms with more than one electron? We will
treat helium and atoms with many electrons in greater de-
tail later on. For the moment we use a very crude picture:
such atoms contain a core consisting of the nucleus and
most of the electrons. It carries a charge ne where 7 is the
small number of the remaining outer electrons. Thus, qual-
itatively, the situation is not unlike an atom with a few
electrons. We then expect again dimensions of the order a,

206 Am. J. Phys. §3 (3), March 1985

and an energy of the order of a Ry to liberate one of these
outer electrons.

These results are perhaps the greatest triumph of quan-
tum mechanics. The existence of atoms was known for a
century and conjectured for many more, but their size and
internal energies were only deduced from experiments such
as the ones mentioned in the previous essay. Quantum me-
chanics showed that they are of the order of @, and of Ry,
respectively, both of which are simple combinations of the
three fundamental constants, m, e, and #.

It is instructive to apply the same method to nuclear
systems. The force between the nucleons is more compli-
cated than the Coulomb force; it is repulsive for small dis-
tances and drops exponentially for larger ones. We may
very roughly approximate the potential of the attractive
part by — g*/r. Figure 1 shows that g” ~ 10¢? (taken from
Ref. 1). It is about ten times stronger than the attraction
between two opposite charges e. The repulsion at the center
is important—it keeps the nucleons apart—but does not
influence the energy very much because it acts only at dis-
tances which will turn out to be much smaller than the
separations between nucleons. Replacing the electron mass
by the nucleon mass M ~ 2000 m and e by g7, we obtain for
the nuclear Bohr radius a, and the nuclear rydberg Ry,

ay~az/20000 =2.7X 107" cm,
Ry, ~200 000 Ry = 2.7 MeV.

These are indeed typical distances and energies in nuclear
physics, but they are very rough estimates, not only be-
cause of the complicated form and of the symmetry depen-
dence of the nuclear force but also because of the intricacies
of the many-body problem in ordinary nuclei. For the deu-
teron, however, our method should give reasonably good
results if we replace M by the effective mass M /2. This
would double a,, and halve Ry, not too far from the actual
values 4.3 10 "* cm and 2.2 MeV.

30

20

Nuclear Potential (MeV)
o

L
305 I 2 3 4

Distance (fermis)

Fig. 1. Sketch of the potential of the nuclear force as a function of internu-
cleon separation as measured in fermis, 10~ '? cm. (This curve is not quan-
titative, because it ignores the dependence on spin and symmetry.} For
comparison, the dashed curve gives the attraction of two opposite, but
equal, charges 3.2 e. [Reprinted from Ref. 1.]
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We now answer the question of last month as to why the
Pauli principle is equivalent to the assumption that each of
N equal particles in a volume V is confined to a “private”
volume ¥ /N. There are two explanations. Here is the first.
A quantum state of a free particle with a well-defined mo-
mentum is stationary; its momentum stays constant and its
position is spread over the whole volume V. This is not the
only kind of state. We can construct nonstationary states
where the momentum and the position are spread over fin-
ite intervals Ax and Ap which obey Heisenberg’s relation
AxAp = #i. N equal particles must be distributed over N
different quantum states. Let us choose states that are blobs
of a spatial extension Ax and which have all the same mo-
mentum distribution. To prevent any overlap the size Ax
must be smaller or equal to d = (V' /N )'/3, We choose the
maximum Ax~d in order to minimize the momentum
spread dp. This leads us directly to the “private room” of
dimension d, and to an average momentum ~#/d.

For the second approach we remember that the Pauli
principle is equivalent to the antisymmetry of the wave
function ¥. The latter changes sign if the coordinates of
two equal particles are exchanged. From this follows im-
mediately that the wave function vanishes if two equal par-
ticles have the same coordinates; they cannot be at the same

207 Am. J. Phys., Vol. 53, No. 3, March 1985

Fig. 2. Dependence of the wave function
on the relative distance of two equal par-
ticles.

14

Wl‘l‘/

. Fik
/<l>d

place. (This is the last remnant of the classical concept of
impenetrable particles.) Let us look at the dependence of
on the distance r of two electrons (Fig. 2). It is zero for » = 0
and_reaches its typical values + || roughly like
Y~ sin kr between r = — 7/2k and + #/2k. This is a
wave function corresponding to a relative momentum p,

= fik. The probability [|*islow as long as |7| <k ~'. Thus
the electrons stay apart at a distance of the order of d ~#/
P.- The average momentum p of the electrons is of the same
order as the relative momentum p, and we get again the
relation p = #i/d between the momentum and the size d of
the “private room.”

Victor F. Weisskopf

'K. Gottfried and V. Weisskopf, Concepts of Particle Physics (Oxford Uni-
versity Press, New York, 1984).
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Search for Simplicity: Atoms with several electrons

We can use the methods applied to the hydrogen atom in
the previous essay for the study of atoms with several elec-
trons. Let us first look at helium. Here we have two elec-
trons with opposite spin in the ground state, considered as a
cloud with some kind of average radius R. The energy E is
then

2 2
E~- % ¢ hzz. (1)
R iz 2mR

The first term is the potential energy of the two electrons in
the field of the doubly charged nucleus. The second term is
the repulsion between the electrons; the third term repre-
sents the kinetic energies of both electrons. Since R and r,,
appear always in the denominator, we define R ~' as the
average of the reciprocal distance of the electrons from the
center and r; ' as the average of the reciprocal distance
between them. We put r,, = R /S and expect 8 to be less
than unity since 7,, will be larger than the average distance
R from the center. We write the energy (1) in the form

F__A, B
R 2R?

A=(4—B), B=22%/m.(2

Let us remember once for all—we will need it in later essays
also—that the minimum of E and the corresponding R are
given by

E= —A4%/2B, R=B/A. (3)
We find for helium
4 2
- 4R Em _ 2 i ' 4
=5 AP 4—B) me* “

How do we find the values of 8 =R /r,;? BothR and 7|,
depend on the shape of the electron distribution p(#), the
density of electrons at the distance 7 from the center. The
radius R is defined by R ~' = f( p/r)dx>, where § dx* is an
integration over all space. r,, can be found by calculating
the electrostatic energy € of two identical electron clouds
plr): € = €*/r,,. This calculation is simple but lengthy. The
best way to do it is to calculate the electrostatic potential
U (r) produced by the charge distribution ep(r). Then,

e=ede3U(r)p(r) £

8Y7)

which determines r,,. A rectangular charge distribution
gives B8 = 0.8; an exponential dependence ( p ~e ~ ) leads
to B = 5/8. The more p increases towards the center, the
lower is 8. Here is something to think about: why is 8
smaller for distributions packed towards the center? (The
answer will appear in the next issue.)

Let us return to helium. The simplest assumption would
be a rectangular distribution with £ = 0.8, which gives
E = 5.1 Ry according to (4). We may use our knowledge
that the distribution drops off exponentially with 5 = 5/8.
Then we get ‘

E= —57 Ry, R=0.59,, Ry=me*/2#, (5)
where a, (a; = #7/me?) is the Bohr radius. The actual en-
ergy to remove the two electrons is 5.81 Ry. Again, it is
remarkable how close these crude considerations come to

the correct results.
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We can apply similar methods to the determination of
ionization energies and electron affinities of atoms of 3 to
10 electrons. This was done in a paper by M. Kregar and
the author which was published in this journal,' so that we
do not need to repeat it here.

We now turn to atoms with many electrons. We genera-
lize expression (1) to Z electrons around a fixed point
charge Ze and assume Z> 1. This will get us what I like to
call “the poor man’s Thomas—Fermi method.” We get, in-
stead of (1),

Z%
E R * 2 R

2 2/3
Z(Z-1)epB ny # (g)/
2mR?*\2
(6)
The first term is the potential energy of Z electrons attract-
ed by the nucleus, and R is an average distance from the
center. The second term comes from the repulsion between
the electrons. There are Z (Z — 1)/2 pairs, each giving rise
to a potential energy e*/r,,, where r, = R /3 is an average
of the distance between electrons, as we had it in helium.
The difference with helium shows up in the kinetic energy.
The Pauli principle must be considered when there are
more than two electrons. Each electron shares a “private
room” of a linear dimension 7 with a partner of opposite
spin. There must be Z /2 such rooms within the electron
cloud of dimension R, so that (Z /2)7* = R *. The minimum
kinetic energy per electron is ~#"/(2m#) which explains
the third term in (6).
We may replace Z (Z — 1) by Z 2 and get

E=—i‘;+i2, A=22e2(1—~5-),
R 2R 2
#
— 7 5/3
B=2" 2y

According to (3), this is a minimum when
R= %5
(1—B/2122°Z°

N 2
£__ 22/324/3(1 - £)ry. 7
z 2

We will show below that 8 = 0.36, which is much smaller
than in helium. This is because the charge distribution is
strongly pointed toward the center. With that value we find

R=0.71Z ~'3q,,

_ g — 1.06Z** Ry = 144Z ¥ V. (8)

This is the average binding energy of an electron. The actu-
al value is 16 Z*'® ¢V. The usual Thomas-Fermi method
gives 20Z */3 eV. Poor man is better than affluent man!
We need the electron distribution p(r) in order to deter-
mine 5. We choose a simple and plausible distribution:

p=Ae="/r", 9

Electron densities are expected to exhibit an exponential
decrease, albeit not as simply as in (9). The factor » ~" is
included in order to assure that p has the correct behavior
near the center: There should be about two electrons within
the radius ry, = ap/Z of the K-shell, a number which is
independent of Z. (The S-states of outer shells contribute a
negligible amount.) The three constants 4, b, n in (9) are
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determined by the following conditions imposed on p:

w W Z
4| prrdr=2, 47Tfa prrdr=*“2",
0 0

® Z
4 dr= —. 10
Lprr Z (10)

The first condition assures that there are Z electrons; the
second determines the number of electrons with the K-
shell. The symbol *“2” is used because we only need this
number to be independent of Z and near 2. The third condi-
tion assures the average of ' for each electron is R ~' as
used in (6).

We do not show the details of the simple integrations
(10). One determines 4 from the first integral; the condition

that the second should be independent of Z determines n;

the third integral is used to express b in terms of R. The
results of (10) turn out to be

47A =2Z /(7'* %%, n=3/2, b=2R. (11)

We obtain 8 for the distribution (9) with the constants
{11) by using the methods mentioned before. The calcula-
tions are even lengthier than those for the simpler distribu-
tions which we considered for helium, but there is no fun-
damental difficulty. The result turnsouttobe =1 — 2/7

= 0.36, the value which we used in (7) to determine the
energy of the atom and the length R.

We can use the electron distribution (9) to get an idea of
the atomic size. The magnitude R is not the radius R, of the
atom; it is the average distance of the electrons from the
center and, therefore, much smaller than R, since most of
the electrons are in the inner parts. In order to get an esti-
mate of the size of the atom, we must find out the extension
of the distribution (9). Literally, it goes to infinity, but we
may get a rough value of the atomic radius R, by finding
the radius at which, say, one half of the last electron is left
outside. This distance indicates where the last electron may
be found. In other words, R, is given by the integral

41rpr;l ar= L. (12)
R 2

a

Table I. Estimates of atomic radhii.

z y R, /ay
30 10.04 2.49
50 11.16 2.33
90 12.42 2.13

The evaluation of this integral leads to the following equa-
tion fory = R,/R:

2r/(4Z ) =ype "

We then obtain, for three values of Z, the radii found in
Table I. The atomic radius turns out to be almost indepen-
dent of Z. The decrease of R as Z ~'/* is compensated for by
the fact that the exponentially decaying p must reach
farther out to get to the last electron. One should conclude
from this result only that atomic radii do not depend much
on Z and are of the order of a few Bohr radii. The slight
decrease of R, in Table I is not a real effect; it comes from
the simple exponential form (9) of the electron distribution.
Actually, the exponential decrease is much sharper near
the center than farther away, because the effective charge
of the core is higher for the inner electrons. This effect is
more pronounced for higher Z and has a strong influence
on the determination of R, by the integral (12). It would
increase the radii.

The homework to this essay, of course, is to perform the
indicated calculations of the constants (11), of the £ values
for the different distributions, and of R,,.

Victor F. Weisskopf

M. Kregar and V. F. Weisskopf, Am. J. Phys. 50, 213 (1982).

Addendum: The ideas presented in the January essay
have been published as early as 1858 by J. J. Waterton
[Philos. Mag. 15, 1 (1858)] as pointed out by A. P. French
[Am. J. Phys. 35, 162 (1967)].

PROBLEM

A cylindrical solid of any convex shape is rolling under
gravity on horizontal plane. The potential energy ¥ (s) can
be represented’ by ¥ (s) = mg[r(0)n(0) — r(s)n(s)], where r(s)
is the radius vector connecting the center of mass G of the
rolling solid of mass  to the contact point M, n(s) is the
inner normal, s is the curvilinear coordinate (s = 0 corre-

305 Am. J. Phys., Vol. 53, No. 4, April 1985

sponds to the equilibrium at a point M), and g is the gravity
constant.

Find all curves r(s) such that ¥ (s) is identically zero [such
that —r(s)n(s) = —r(On(0) = + h = ||GM,||]. (Solution
is on page 349.)

'A. Ronveaux, Am. J. Phys. 52, 618 (1984).
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Search for Simplicity: The molecular bond

The chemical bond, the force that binds atoms to mole-
cules, has curious properties. It is a force that acts only over
short distances—a few atomic radii—it is attractive but
becomes repulsive at smaller distances. Furthermore, at-
traction occurs only between certain combinations of
atoms. The study of these rules is the subject of chemistry.
Before quantum mechanics, chemistry and physics were
different endeavors. Quantum mechanics can explain the
properties of the chemical bond. Thus physics and chemis-
try became one science.

We start with the hydrogen molecule H, from which we
learn the nature of the “electron-pair” bond, the most im-
portant type. Consider two hydrogen atoms. We measure
their distance by the distance p between the two nuclei.
When p is much larger than the Bohr radius ap = fi/me’,
there will be no force between them since they are electri-
cally nentral. The energy E of the system will be simply the
sum of the energies of the two isolated atoms: E = — 2 Ry
for p»ay, where Ry = — me*/2#7 (see the March essay).
The vanishing of interaction at large p can be viewed as a
cancellation of repulsive and attractive interactions: repul-
sions between the nuclei and between the electrons; attrac-
tions between each nucleus and the other atom’s electron.
(The attraction between the nuclei and their own electrons
does not depend on p and is contained in E= — 2 Ry.)

What happens if p is no longer large compared toa, ? Let
us concentrate upon the part £’ of the energy, which ex-
cludes the trivial repulsion energy e*/p between the nuclei:
E' =E — ¢*/p. We know the values of E’ for large p:

E'= —2Ry—eé%/p, p>ay. (1)

But we also know E ' for p = 0: It is the energy of two elec-
trons attracted by a central charge 2e. This is nothing else
but helium! We determined that energy in the previous es-
say: E' = — 5.7 Ry. What happens to the repulsion of the
two protons in helium? This question will be answered in
the next installment.

We now make a rough approximation: We assume that
(1)is valid for p > 2a . Weinterpolate E ' betweenp = Oand
p = 2ap by a straight line (see Fig. 1). The actual energy E
of the two hydrogen atoms is arrived at by adding °/p to
E’. Obviously, this energy is — 2 Ry forp > 2a, and it has
aminimum atp = p, = 1.22a; as seen in Fig. 1. The mini-
mum value is E(p,) = — 2.42 Ry. For smaller p, E rises
strongly because of the preponderance of the repulsion
between the nuclei. E { p) gives a good account of the chemi-
cal bond, its short range attraction and its repulsion at
small distances. The position and depth of its minimum
compares favorably with the actual distance 1.43a, of the
nuclei in the hydrogen molecule and the actual binding
energy of the H atoms of 0.34 Ry. [The binding energy is
the difference between E ( po) and E (o0 ) which is 0.42 Ry in
our model.]

Figure 1 alsoshows E '( p) and E ( p) as calculated exactly
from the Schrédinger equation of two electrons in the field
of two fixed unit charges at a distance p. We see that our
bold linear approximation between p = 2a, and p = 0 for
E’is not so bad. Compared to a'smooth interpolation, it is a
little too low for p ~ p,; this is why we get too deep a mini-
mum and too large a binding. Furthermore the corner at
p = 2ayp raises the energy around that distance and causes
a steeper minimum and a smaller p, than with the exact
curve. Note that the true E '(p) has a horizontal tangent at

399 Am. J. Phys. 53 (5), May 1985

P/ag

Fig. 1. Energy E of two hydrogen atoms as a function of the distance p
between the nuclei. E'( p) = E — €*/p. The energies are measured in Ry,
the distance in units of a; . The full curves are the approximate results, and
the broken curves are the exact results.

p = 0as expected since, at distances small compared to the
Bohr radius for Z = 2, (a3 /2), E' cannot differ much from
the p = 0 value.

Our conclusions are valid only if the two electrons have
opposite spin. Only then does E’(p) go to the helium
ground state for p = 0. If the spins are parallel, the lowest
state in helium would be the triplet S state with an energy of

— 1.13Ry. Putting £ '(0) equal to that value would lead toa
curve of E '( p) which bends upwards going fromp = 2a, to
zero. [t would not give rise to values of E less than — 2 Ry;
there is no binding for parallel spins.

What is the physics that causes the minimum of E ( p)?
When p becomes smaller than 2a, the electron clouds
merge and the situation becomes similar to helium: either
electron is attracted by the charge of both nuclei. This is
counteracted by the increase in repulsion between the nu-
clei. The repulsion between the electrons is already consid-
ered in the value of the helium energy, where it plays an
important role (see the April essay). But the double attrac-
tion wins out for values of p of the order of one-and-a-half
ap. The merging of the electron clouds is possible only if
the electrons have different spin states. The Pauli principle
would prevent the merging for parallel spin and would
raise the energy because of the compression of the clouds
when p < 2a,.

These considerations show that the chemical bond is an
electrostatic effect: The two electrons are exposed to twice
as much positive charge within their clouds than in the
separated atoms. This increased attraction is larger than
the repulsions between the nuclei and between the elec-
trons. '

The chemical bond is often described as an “exchange
effect.” I believe that such a formulation is misleading. It
refers to mathematical terms appearing in the detailed cal-
culation, in which two wave functions appear, differing by
an exchange of coordinates. These terms are a consequence
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of the Pauli principle requiring antisymmetric wave func-
tions. They have no direct physical significance. Electrons
are “exchanged” only in the sense that in the merged mo-
lecular quantum state it is no longer possible to assign an
electron to one or the other nucleus.

The question left upon in the last essay was this. Why is
B = R /r,, smaller for more peaked electron distributions
p(r)? Here R is an average of the distance from the center
and r;, an average of the distance between two electrons
distributed as p(r). Take a given distribution p(r) and change
it by moving a small part from a distance x to the center,

400 Am. J. Phys., Vol. 53, No. 5, May 1985

which would increase the peak. The contribution of this
part to R goes from x to zero. However, the contribution to
71, goes from a certain value to another value larger than
zero. Hence B would become smaller.

I use this occasion to thank Professor Herbert Bernstein
of Hampshire College for most valuable discussions, and
help in improving the clarity of presentation in this series.

Victor F. Weisskopf
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= 0.446 Ry. Similarly, in the atomic
state K,, = I = 0.378 Ry, thus the ki-
netic energy has increased by 0.068
Ry.
(2) E(r,) is the energy of a “pseu-
do” electronic state, for which the in-
creased attraction near the nuclei and
the dynamical consequences of the
Pauli principle are taken into account
and simulated by a simple, smooth
non-Coulombic pseudopotential, as
explained in the essay. The energy E is
the same for the actual and for the
pseudo states, but not the kinetic and
potential energies separately. In fact,
the inverse cubic term in Eq. (3),
though “potential energy” of the
pseudostate, contains the increased ki-
netic energy of the actual state in the
core region. Since the pseudopotential
is not Coulombic, the pseudo kinetic
and potential energies do not satisfy
(i) and (ii) and that is why the pseudo
K may stay constant or even decrease
on going from the atom to the metal.

In conclusion, bonding increases
the electron kinetic energy. In the es-
say' the term “kinetic energy” is used
in the sense of “kinetic energy of the
pseudo state” when discussing sodium
(or Cu) metal; this is a useful concept,
as the demonstration shows, but it is
not the actual kinetic energy of the
bonding electrons.

@G. Solt

Université de Neuchdtel

2000 Neuchatel, Switzerland,
4 December 1985

'V. F. Weisskopf, Am. J. Phys. 53, 940 (1985).

2J. C. Slater, Quantum Theory of Molecules and
Solids (McGraw-Hill, New York, 1963),
Vol. 1.

V. F. Weisskopf, Am. J. Phys. 53, 304 (1985).

ON CHEMICAL BONDING

Weisskopf’ recently published in
your Journal a series of publications in
which he attempted to devise simple
models suitable for didactic purposes.
Of course there will always be people
who will feel strongly about certain
simplifications if they give rise to pre-

587 Am. J. Phys., Vol. 54, No. 7, July 1986

dictions which are unrealistic in re-
spects which they consider crucial. I
must say that unfortunately I am one
of those people. Weisskopf’s models
allegedly expose the mechanism un-
derlying the formation of chemical
bonds as one in which charge concen-
trates between the nuclei and is at-
tracted by several nuclei in the neigh-
borhood, this attraction being
responsible for the observed binding.
As a chemist I’'m familiar with this
view which seems to be quite obvious,
which, however, more than half a cen-
tury ago, has been shown by Slater? to
be a poor description of reality. The
above model for chemical binding
suggests that we would have a de-
crease in the potential energy term of
the electronic Hamiltonian as the
fragments approach each other from a
distance far apart. However, in the
case of diatomic molecules, Slater? has
shown that the potential energy term
at first actually increases and that a
decrease in the kinetic energy term is
responsible for the attraction between
the fragments. Incidentally, the inves-
tigations by Slater were based on very
simple and basic concepts, namely on
an assumption concerning the general
shape of potential energy curves of di-
atomic molecules and on the well-
known quantum mechanical virial
theorem.

Peter Senn

Laboratory of Physical Chemistry
ETH-Zentrum, CHN H32
CH-8092, Ziirich, Switzerland

'V. Weisskopf, Am. J. Phys. 53, 941 (1985) and
refs. therein.
2J. C. Slater, J. Chem. Phys. 1, 687 (1933).

RESPONSE

I'am glad that Dr. Solt points out an
important fact concerning systems of
bound atoms such as molecules, crys-
tals, or metals. In all these cases, the
forces are almost purely electrostatic
and then a special virial theorem holds
which says that the decrease of the to-

tal energy, when going from separate
atoms to the bound system, must be
accompanied by an increase of kinetic
energy of all electrons involved by an
amount equal to one half the decrease
of the potential energy.

As Dr. Solt correctly points out, the
idea of my piece on the metallic bond
was to simplify the problem by ex-
pressing the complicated interaction
of the core electrons with the valence
electrons by a pseudopotential. What
I called “kinetic energy” is the kinetic
energy of the valence electrons only,
which become the conduction elec-
trons in the metal. The special virial
theorem mentioned above is not ful-
filled for an electron in the pseudopo-
tential. Indeed, the flattening of the
pseudopotential near the origin is
caused by the increase of the kinetic
energy of the core electrons when the
valence electron is near the core. This
is why part of the total kinetic energy
(valence plus core) is hidden in the
pseudopotential energy. I regret that I
did not explicitly point out these rela-
tions in my column.

Dr. Senn’s letter points out correct-
ly that, when two atoms approach
each other in order to form a mole-
cule, the total energy decreases, but
the potential and kinetic energies have
a more complicated dependence on
the distance between the atoms. This
was shown in the famous paper by
Slater quoted by him. In my deriva-
tion of the molecular bond' I consid-
ered only the total energy so that
Slater’s statements are irrelevant. It is
true that in my discussion of the me-
tallic bond, I consider the potential en-
ergy only, but it is the one produced by
a pseudopotential to which Slater’s
conclusions are not applicable, as
demonstrated by Dr. Solt’s letter.

Victor F. Weisskopf

Massachusetts Institute of Technology
Cambridge, M4 02139

23 January 1986

'Am. J. Phys. 53, 399 (1985).
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Search for Simplicity: Chemical energy

Last month we tried to understand the nature of the
bond between the atoms in the hydrogen molecule. We saw
that the bond occurs because the two electrons merge into a
single quantum state similar to the ground state of helium.
They are attracted by both nuclei, an effect that is stronger
than the sum of repulsions between the nuclei and between
the electrons. The binding energy of the hydrogen molecule
is 4.6 eV or 106 kcal/mole. Our simplistic approach result-
ed in 5.7 eV, but there were good reasons for an overesti-
mate.

The merging of two electrons into one state produces
what we will call an “electron-pair” bond. Other important
examples are the hydrocarbons. In order to understand
this, we must first analyze the carbon atom. It has six elec-
trons, two of which occupy the innermost shell (K-shell).
The other four are in the next shell (L-shell) consisting of
one s-state and 3 p-states. In the isolated carbon atom, the s-
state is doubly occupied and two p-states are occupied by
one electron. Only little energy is needed to have these four
electrons placed into four symmetric states which are lin-
ear combinations of the s- and p-states. These new states
have the shape of prongs in the four directions from the
center to the corners of a tetrahedron. These are the states
that are important for many chemical compounds of car-
bon. The simplest example is CH,, in which the electron in
each prong merges with the electron of a hydrogen atom to
form an electron-pair bond, four bonds in all. The total
binding energy of CH, is 393 kcal/mole, that is again,
about 100 per bond. We use this measure of energy instead
of eV because of the round number for the bond energy.

Longer hydrocarbons are also bonded by electron-pair
bonds; the two prongs from adjacent carbons merge into a
pair bond and the hydrogen electrons merge with the other
prongs (see Fig. 1). Again, the binding energy is approxi-
mately 100 kcal/mole per bond.

Another related type of bond is found in oxygen com-
pounds. This atom is two electrons short of completing the
L-shell, which is closed in neon. We can picture the oxygen
configuration as a closed shell with two holes. Two of the
states are occupied by only one electron. The water mole-
cule is formed when the electrons of the two hydrogen
atoms are placed in those holes. This is why we call it a
“plug-and-hole” bond. It is related to the electron pair
bond since the hydrogen electrons merge with the single
electron in the hole and are attracted by both nuclei. In-
deed, the total binding energy of water is 222 kcal/mole,
that s, 111 per bond, close enough to the pair bond energy.

The two holes in the oxygen atoms are at 90° to each
other, if we assume that the outer four electrons are in p-
states. The three p-states can be regarded as dumbbell
shaped and oriented at right angles to each other. If we
consider the six L-shell electrons in the tetrahedral config-
uration, two prongs would be filled with pairs and two
would each have a hole. Then we would get an angle of 109°
between the holes. Actually, in the water molecule, the hy-
drogen atoms are at an angle of 104°. They are definitely on
one “side” of the molecule. With the hydrogen electrons
sucked into the oxygen holes, the water molecule has an
almost closed L-shell of total charge minus two on one side
and two positive protons on the other, giving rise to a
strong dipole moment. This is what makes water such a
strong dielectric and consequently an excellent solvent.

522 Am. J. Phys. 53 (6), June 1985

Fig. 1. Chain of atoms in a hydrocarbon (Octane, CgH ;) linked by tetra-
hedron bonds.

Life is based on that property.
Another important oxygen compound is CO,. It is more
difficult to understand with our simple pictures that the

four bonds are of the “plug-and-hole” type. One may as-
sume that the four prongs of C are “bent” so that they fit
into the two holes at each O atom. We then get a molecule
with C at the center flanked on both sides by oxygen atoms.
The total binding energy is 385; that is again, about 100
kcal/mole per bond.

A third type is the ionic bond. A typical example is
NaCl. It is usually explained by saying that the negative
electrostatic attraction energy of the Na* and Cl~ ion ad-
jacent to one another, is greater than the positive energy
needed to transfer an electron from the Na atom to the Cl
atom. That this should be indeed so can be seen by the
following consideration (see Fig. 2). Sodium consists of a
closed shell with one relatively loosely bound electron out-
side, which spreads over a sphere with a radius, say, of
about twice that of the closed shell. The chlorine is a closed
shell with a hole in it. Let us put the two atoms together so
that the closed shells touch. This should not take much
energy since they are neutral. To press them together more
than that would cost much energy because closed shells
cannot penetrate except at the cost of lifting electrons to
higher states, because of the Pauli principle. Now we put
the outer electron of sodium into the hole of the chlorine.
To do this we do not need to work against the binding of
that electron to the sodium core, since the average position
of the hole is about as far from the sodium center as the
electron has been in the atomic state, that is, about two core
radii. But, we gain the electron affinity of chlorine, that is,
the energy gained by putting an electron into the hole,
where it is attracted by the chlorine nucleus. Thus the bind-
ing eneryg of the NaCl molecule ought to be roughly near
to the electron affinity of chlorine. We expect it to be of the
order of a pair bond since the electron merges with the

'/’ - A Fig. 2. (a) Shows the Na and CI atoms. The for-
(@) \ .,' “ mer is surrounded by the valence electron, the
R latter with a hole. (b) The cores touch; the ener-
gy of (a} and (b} are about equal. (c} The valence
electron entered the hole which is, on the aver-
age, at the same distance from the Na center as
the electron in the isolated atom. The energy of
(c)is lower than (a) by about the electron affinity

(c) o9
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single electron in the hole. Indeed, the affinity of Cl is 84
kcal/mole, the binding energy of the NaCl molecule is 98
kcal/mole, and that of KCl is 102 kcal/mole. In the cases
of fluorine compounds the binding energy deviates more
from the electron affinity of F. The latter is 80 kcal/mole,
whereas the binding energy of NaF is 115, and that of KF is
120 kcal/mole. This is because the core of F is smaller than
the core of Cl so that the electron filling the hole of F is
nearer to the core of Na or K in the molecule than it is in the
isolated Na or K atoms. We see that the ionic bond also
yields bindings of the order of 100 kcal/mole.

The electron-pair bond, the ionic, and the plug-and-hole
bond are “strong” bonds of about 100 kcal/mole. There are
also medium bonds in the region of 20-60 kcal/mole. Ex-
amples are “hindered” electron-pair bonds such as Li, or
Na,, binary compounds of atoms whose valence electrons
form a pair-bond, but the cores get in the way and weaken
it. Other medium bonds are F,, O,, and Cl,, pairs of atoms
with one or two holes in a closed shell. “Hole-hole” bonds
are not so strong. The most important of these is O, whose
binding energy is 118 kcal/mole; this is only 59 per bond.

Let us now apply our knowledge to the energy gain in
combustion. What happens in combustion? Oxygen mole-
cules in air are split and their atoms are incorporated in
stable compounds, mostly carbon dioxide and water. The
oxygen atoms leave medium bonds and enter into strong
bonds. Therefore the energy gain in combustion should be
the difference between a strong and a medium bond, rough-
ly, 40-50 kcal/mole, per oxygen atom taken from the air.!

Let us burn methane, the main constituent of household
gas: CH, + 2 O, = CO, + 2 H,0. Two oxygen molecules
of air are used for the combustion of our molecule methane.
Thus four medium bonds are broken and replaced by
strong bonds in water and CO,. Hence we should get 160~
200 kcal for burning one mole of methane. The actual value
is 190 kcal.

What about gasoline? It is a hydrocarbon chain as shown
in Fig. 1. Consider one CH, link: CH,+ 3/20,

= CO, + H,0. We should gain three times the difference,
whichis 120-150 kcal/mole of CH,, or 9—11 kcal per gram.
Actually, it is 10 kcal/g.

The third example is glucose: C¢H,,04+ 6O,
=6 CO, + 6 H,O. The gain is 12 times the difference:
480-600 kcal/mole. The correct value is 590 (honey) which
means 1.38 X 10" ergs/g.

523 Am. J. Phys,, Vol. 53, No. 6, June 1985

Let us use this result to estimate how long a bee can fly on
one milligram of honey, the result of sucking a few flowers.
The bee does not fly like an airplane using the air flow
passing by, but keeps itself suspended almost at rest, not
unlike a helicopter. It produces a stream of air downwards
to compensate for gravity. We will show next time that the
power needed to keep the bee in the air is (mg)*'*/(0p)"/?,
where m is the mass of the bee, o the area of the wings, and
p the density of air. It is about 1.8 10° ergs/s, using
m = 10~ g and o = 0.3 cm?. A milligram of honey, there-
fore, lasts for a few hours, counting with an efficiency of
biological metabolism for mechanical work of 10% to
15%.

Another question is the amount of food needed for a
person just to keep warm. Enrico Fermi started this esti-
mate with the remark, “I know from reading mystery nov-
els that a corpse needs about half a day to cool from body
temperature to room temperature.” Assuming a weight of
60 kg, we get from this information that the body needs
about 2000 kcal per day to stay at body temperature; this is
100 W. Assuming all food is roughly as nourishing as hon-
ey, we find it needs about 600 g of food per day. Here we can
count on full efficiency since all losses produce heat. This
amount of energy would lift the person to 1.5 times the
height of Mt. Everest, not counting metabolic and other
losses incurred when climbing. It shows how much harder
it is to produce heat than mechanical energy. Note that the
human body produces 1.7 mW per gram, whereas the sun
produces only 2 X 107 W per gram!

Now to the question left open in the last essay. Two hy-
drogen atoms are held at a distance p between the protons.
The energy E goes to infinity when p is made to approach
zero, because of the electrostatic repulsion between the
protons. In the helium atom, this repulsion is more than
compensated for by the nuclear forces within the helium
nucleus. We are not interested in the energy of the helium
nucleus, but only in the energy of the electron configura-
tion. The latter energy is E’ = E — e%/p. It is that energy
which equals the energy — 5.85 Ry of the electrons in the
helium atom for p = 0.

Victor F. Weisskopf

!E. Purcell mentions that fact in his column, “The Back of the Envelope,”
which appeared in the April 1984 issue of this journal.
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Search for Simplicity: The size of molecules revisited

This contribution contains corrections and additions to
the January, 1985 installment of “Search for Simplicity”
and the promised computation of the power needed to keep
a bee in the air. I owe a great debt to Professor N. O. Mur-
chadha from the Physics Department of the University
College in Cork, Ireland for pointing out errors in that
essay and for a hint as to how to explain a question I raised.
I tried to determine the distance between molecules or
atoms in liquids by comparing the surface tension and the
binding energy €, of the constituents. I wrongly equated ¢,
with the heat of evaporation plus the energy necessary to
heat the liquid from the temperature 7, at which the sur-
face tension was measured, to the boiling point 7, at atmo-
spheric pressure. I forgot to subtract the work against the
air pressure. '

I reproduce here Dr. Murchadha’s letter with a few
omissions and with different symbols in order to adjust it to
the ones I used. I also changed some of the numbers in his
table because they were based upon my figures in which I
discovered a few inaccuracies. I added the values for a few
metals in their liquid state, and the temperatures 7, and
T,, as defined above. The symbol & stands for the energy
needed to raise the temperature of the liquid from 7, to 7.
In the computation of § the specific heat of liquids was
approximated by 6 cal/mole except for water, whereitis 18
cal/mole.

Following is Dr. Murchadha’s letter:

Dear Sir:

In an illuminating article [Am. J. Phys. 53, 19-20
(1985)], V. F. Weisskopf derives an expression relating
the distance d between molecules in a liquid to the sur-
face tension .S and the molecular binding energy per unit
volume €, as

d==2. (1)

He applied this formula to four liquids and obtained a
satisfactory agreement between theoretical prediction
and observation. I wish to claim that this agreement, and
particularly the fact that the theoretical values are con-
sistently less than the observed values, is suspect. The
problem is that one must distinguish between latent heat

and binding energy. When we boil a liquid the vapour
expands and can do work on the surroundings. We must
subtract this “P d¥ > work from the latent heat to get the
true binding energy U at the boiling point. (Technically,
the latent heat is the change in enthalpy AH = U + PV,
and we must subtract of the change in PV to get the
change in U.)

If we assume that the volume of the liquid is negligible
in comparison to the volume of the vapour and that the
vapour is an ideal gas, it is easy to see that the subtracted
term is RT per mole. This term, in the case of each of the
four liquids analysed by Professor Weisskopf, is about
10% of the latent heat. {The constancy of this ratio can
be justified on thermodynamic grounds.) Working in the
units of Professor Weisskopf, I would suggest replacing
his table with a new one.

As Professor Weisskopf states, it is easy to understand
situations where the predicted value is less than the actu-
al value. One explanation for a predicted value larger
than the actual value is the existence of long-range forces
in the liquid. The surface layer loses a sixth of its binding
energy, but the second layer can also lose some energy,
so the total loss of energy can be greater than one-sixth,
demanding a coefficient in the equation larger than six.
The neon result, for example, could be rationalised by
demanding a binding second-neighbour term in the po-
tential of the order of 20 of the nearest-neighbour effect.

Could it be that this also is an explanation for the large
deviations Professor Weisskopf observes with the mol-
ten metals? To get large deviations we have to demand
that long-range terms in the binding energies are com-
parable to the nearest-neighbour effects. This does not
seem totally unreasonable for metals. [see Table I.]

Dr. Murchadha is right. A correct calculation shows
that the calculated distance is smaller than the actual one
only for water and aluminum; in six other cases they agree
within 10% and in three cases they are about twice as large.
Dr. Murchadha found the explanation of the question I
could not answer: How could the surface tension be larger
than (}) €5d ? (Please replaced ~? by din the last paragraph
of my January article.) Let me express his idea as follows: If
we take into account the interactions not only with the six
nearest neighbors but also with the 20 next nearest neigh-
bors in a cubic arrangement (see Fig. 1), then the surface
atoms lose not one partner out of six but nine out of twenty-
six! Thus the ratio of the loss of binding at the surface to

Table I. Relevant values for ten liquid materials and the resulting distances d compared with the actual values. Sources: American Institute of Physics
Handbook (1972), 3rd ed.; CRC Handbook of Chemistry and Physics (1977), 58th ed.

H,0 ccl, Ne Ar Al Fe Cd Cu Hg Ag

Sin ergs/cm’ 73 27 5.5 13.2 840 1720 630 1880 470 920
T.inK° 293 293 25 85 973 1810 594 1360 292 1240
8H in 10° ergs/cm’® 23 31 1.1 2.3 257 439 71 37 40 216
T, inK° 373 350 27 87 2793 3135 1040 2839 630 2436
RT, in 10° ergs/cm® 1.8 0.3 0.13 0.26 20 33 6.1 29 35 17
Uin 10° ergs/cm’® 21 2.8 0.97 2.04 237 406 65 342 36.5 199
8 in 10° ergs/cm?® 34 .- e e 40 41 8 46 5.7 26
€5 in 10° ergs/cm® 24 2.8 0.97 2.04 277 447 73 388 42 225
d from Eq. (1)in 10" % cm 1.9 5.8 34 39 1.8 2.3 5.2 29 6.7 2.5
d, actual value in 1078 cm 32 5.4 31 3.6 2.7 2.4 29 2.4 29 2.7
618 Am. J. Phys. §3 (7), July 1985 © 1985 American Association of Physics Teachers 618
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Fig. 1. The nearest neighbors (@) and the next nearest neighbors (O) of the
center of a cubic arrangement.

that in the interior may be larger than }, even if the interac-
tions with the next to nearest neighbors are weaker.

I owe the readers a derivation of the power needed to
keep a bee in the air. The bee is pulled downwards by the
force mg, where m is its mass. To counter this force the bee

produced a column of air of a cross section of o cm” moving
downwards with a velocity v. Roughly speaking, o is the
area of the wings. The momentum of 1 cm of that column is
apv, where p is the density of air. In one second the bee
produces an air column of length v, so that the down mo-
mentum produced per second is gpv’. A momentum per
second is a force; it balances the gravity force so that we get
gpv® = mg, or v* = mg/op. The power P needed to pro-
duce that air stream is the force times the velocity. P = mgv
= (mg)*'*(op)"'%. This was the expression used last month.
It is interesting to estimate the wing-beat frequency. In
order to produce an air flow with a speed v, the wing speed
must be of the same order. The vibrational amplitude is
about o'/ so that we get for the frequency' v~uv/
o''2~(mg/p)'/*/o. With m~102 g and 0~0.3 cm, we
obtain v~2X10*> cm/s and v~300 s™', which corre-
sponds roughly to the pitch of a tone in the middle of the
piano. This is the hum we hear in midsummer lying in a
meadow full of flowers.

Victor F. Weisskopf

'A similar formula was derived by B. Corben, J. Theor. Biol. 102, 611
(1983).

PROBLEM

A solid with plane boundary is swinging on the outside
of a fixed cylinder of any convex shape.

Let us define r(s) the radius vector connecting the center
of mass G of the swinging solid to the contact point M, n(s)
is the inner normal to the cylinder cross section, s is the
curvilinear coordinate (s = O corresponds to the equilibri-
um at a point M), ||[r(0)|| = GM,, = h, m is the swinging

619 Am. J. Phys., Vol. 53, No. 7, July 1985

mass, k 2 is the radius of gyration around G, and g is the
gravity constant.

Let us compare this motion with the “opposite” one
where a solid of the same shape (with same m,k,h ) is rolling
on a horizontal plane. Prove that for small oscillations, the
period is the same; but for large oscillations, the period is
different. {Solution is on page 693.)

Search for Simplicity 619
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Search for Simplicity: The cohesive energy of solids

How much energy is needed to remove an atom or mole-
cule from the interior of a solid? Call this energy €. Then
Ney is the energy required to decompose a solid of N atoms
or N molecules into N separate atoms or molecules. In
these considerations, the atoms at the surface are neglected
(N> 1).

We will consider three types of solids: covalent crystals
such as diamond, ionic crystals such as NaCl, and metals.
The treatment of metals will be taken up next month. Let
us start with diamond. A “covalent” bond is what we have
called ““electron-pair” bond. The carbon atom is very suit-
able for forming a solid by electron-pair bonds when it is in
the state where the four outer electrons are in the configu-
ration forming prongs in the four directions from the cen-
ter to the corners of a tetrahedron (see Ref. 1). Figure 1
shows that it is possible to arrange the carbon atoms such
that always two prongs of two neighbors merge and form
an electron-pair bond. There are two bonds per atom, al-
though four bonds emerge from each atom; each bond be-
longs to two atoms.

As we saw in Refs. 1 and 2, an electron-pair bond is
worth about 100 kcal/mole of binding energy. So we expect
€g for diamond to be about 200 kcal/mole. Actually it is
171; this is near enough for such crude approximations.

Here is the place to improve our conclusions of Ref. 1, in
which the search for simplicity was a little overstretched.
We remarked that “only a little energy is needed” to place
four electrons from the atomic groundstate into the config-
uration of four prongs directed to the corners of a tetrahe-
dron. Actually the energy to do so is about 7.5 eV or 170
kcal/mole. This amount is not small; it is almost equal to
the cohesion energy of the carbon atom in diamond, and
1.6 times the bond energy of the hydrogen molecule. Why,
then, is the energy per bond near 100 kcal/mole—about
the same as in H,—in molecules such as CH,, CO,, H,0; in
hydrocarbons; and in diamond, although the “expensive”
tetrahedral configuration must be formed before merging
of electron pairs can take place? We described the water
molecule also by assuming that the six outer electrons in
oxygen are in the tetrahedral configuration, two prongs
being occupied doubly; the other two merge with the H
atoms.

Fig. 1. Diamond lattice. The shaded circles are those carbon atoms that
have all their nearest neighbors in the figure.

814 Am. J. Phys. 53 (9), September 1985

There must be a compensating effect which makes the
bond energy larger than in H,. Indeed this is the case. Re-
member that the H, bond comes about because the two
electrons are attracted by both nuclei. This attraction is
stronger than the repulsion between the nuclei and between
the electrons. In the case of carbon-hydrogen or oxygen—
hydrogen bonds, one of the nuclei has a larger charge,
which is only partially reduced by the electron clouds sur-
rounding it. In the case of CO,, in the C—C bonds of hydro-
carbons, and in diamond, both nuclei participating in the
bonds have a larger charge. This increases the bond
strength relative to the H, bond. We cannot prove quanti-
tatively why this effect compensates almost exactly the en-
ergy needed to establish the tetrahedral configurations in
the molecules and solids considered here, but we can at
least understand the presence of a compensating effect.

What about ionic crystals? In Ref. 1 we discussed ionic
molecules such as NaCl, and we found a reason that the
cost of formation of a positive Na ion and a negative Clion
is more than compensated by the gain in energy due to their
Coulomb attraction. This is true, even to a greater extent,
in the NaCl crystal.

The alkali-halide crystals are made up of ions, not of
atoms; of the positive ions of the alkali metal such as Na™;
and the negative ones of the halogens such as Cl~. We
therefore start by determining the energy needed to decom-
pose the crystal into separate ions. Each ion consists of a
closed electron shell; in Na* and F~ it is the neon configu-
ration and in K* and Cl~ it is the argon configuration.
Such closed shells act almost like rigid spheres; the electro-
static attraction between the ions produces only very little
compression of the shells. We therefore consider them as
approximately rigid. The electrostatic attraction keeps the
ion as close as possible, that is, the distances at which the
“rigid” shells touch. It is not easy to determine the radii of
these shells from first principles. Let us get them from the
known density p (grams per cm’) of the crystal. The sum of
the radii of the two different ions (that is all we will need)
must be equal to the distance d between nearest neighbors.
It is easy to see that d = (4 /L p)'/?, where 4 is the average
atomic weight of the two atoms (29.2 for NaCl) and L is
Avogadro’s number.

The next problem is the determination of the energy of
the electrostatic attraction which must be overcome when
the lattice is decomposed. An ion is attracted by its six
nearest neighbors (see Fig. 2); it is repelled by ions of the
same charge at a larger distance but attracted again by op-
posite ions further away. The attraction wins out; the total
energy of oneionis — ae’/d, where a is the so-called “Ma-
delung” constant; @ = 1.75 for this kind of lattice. The at-
tractive energy is almost twice the energy of a single pair at
a distance d. The repulsion between the ion shells does not
contribute to the energy in our approximation since we
assumed them to be incompressible.

Under these assumptions, the energy needed to decom-
pose a crystal composed of V ions into separate ions would
be Ne% = | Nae’/d. The factor } comes from the fact that
each interaction between two ions contributes to the bind-
ing energy of both ions. It therefore must be multiplied
with § NV to get the total.

In order to get the energy Ne needed to decompose the

© 1985 American Association of Physics Teachers 814



Fig. 2. NaCl lattice. Closed circles are positive ions; open circles are nega-
tive ions.

crystal into separate atoms we must subtract the energy
gained by transferring an electron from the negative to the
positive ion. It is the difference § between the ionization
energy of the alkali atom and the electron affinity of the
halogen: €5, = €} — 4 8. The factor § appears because one
transfer makes two atoms from two ions.

Table I gives the values of d, the calculated energies %
and €5, and the actual cohesion energies €5 for a few alkali—
halides. (The actual values are taken from Ref. 3.)

The calculated values of €5 are all larger than the actual
ones by 10%—-15%. This is a consequence of our assump-
tion of incompressible ions. Actually the ions are com-
pressed, which raises their energy. This effect is rather
small since the ions are configurations of electrons packed
tightly, resisting compression like an electron gas of several
electrons within the volume of the ion (see remarks at the
end of Ref. 4).

Altogether we conclude that ionic crystals have binding
energies per atom of roughly 80 kcal/mole within 15% of

815 Am. J. Phys., Vol. 53, No. 9, September 1985

Table I. The lattice distances, the calculated, and the actual binding ener-
gies of alkali-halides (distances in 10~ % cm, energies in kcal/mole).

NaF NaCl NaBr KF KCl KBr

d 2.39 2.82 2.99 2.69 3.15 3.30
€3(calc) 122 103 98 108 92 88
€p(calc) 102 85 77 97 84 78
€g(actual) 88 75 67 86 77 68

this value. This binding is considerably stronger than the
bond of an atom in a molecule. The molecular bond
between an alkali and halogen atom was found to be of the
order of 90 kcal/mole, but this bond involves two atoms
and, therefore, must be compared to a binding of about 160
kcal/mole in the crystal.

As we have seen, the attractive electrostatic energy of an
ion in the lattice is & times larger than the same energy of
two ions at the distance d of the nearest neighbors in the
lattice; here « is the Madelung constant (@ = 1.75 for the
lattices considered here). In our approximation of rigid
ions, d is also the distance between the ions in the molecule.
Thus the binding energies in the solid are « times larger
than in the molecule. That is why the crystal is a stable
configuration at ordinary temperatures. When the tem-
perature exceeds the melting point, the heat energy de-
stroys the orderly arrangement of the crystal. At the boil-
ing point the heat energy decomposes the crystal into
molecules. These phenomena will be taken up in a later
essay.

Victor F. Weisskopf

V. Weisskopf, Am. J. Phys. 53, 522 (1985).

V. Weisskopf, Am. J. Phys. 53, 399 (1985).

3C. Kittel, Introduction to Solid State Physics (Wiley, New York, 1976),
5th ed.

V. Weisskopf, Am. J. Phys. 53, 109 (1985).
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Search for Simplicity: The metallic bond

This essay is devoted to the cohesion energy of metals.
Metals are formed by atoms which, when isolated, have
one, two, or three loosely bound outer electrons, whereas
the rest of the electrons form a tightly bound core. When
such atoms assemble in a metal, the cores form a regular
lattice of positive ions and the outer electrons—the con-
duction electrons—move all over the lattice more or less as
free particles. This “free-motion” is based upon a typical
quantum effect derived from the wave nature of the elec-
trons: A plane wave generally is not much altered when it
penetrates a regular array of obstacles. A typical example is
the transparency of crystals to light waves. Crudely speak-
ing, all that changes is the relation between frequency and
wavelength or between energy and momentum. Therefore,
the motion of an electron in a metal can be approximately
considered as a free-motion, but sometimes an “effective”
mass m different from the electron mass m must be intro-
duced. Only deviations from the regular lattice array pro-
duce a scattering of the waves. Such deviations occur, for
example, by thermal fluctuations. The ensuing small devia-
tions from free-motion cause the electric resistivity of met-
als, a topic which will be treated in a later installment.

We will consider here only metals with one conduction
electron per atom: in particular, sodium and copper. The
simplest metal, one may think, would be formed by hydro-
gen. This is, however, not the case under normal pressures.
The reason lies in the relatively strong bond (13.6 eV) of the
electron to the atom. It is instructive to show why no hy-
drogen metal exists by calculating the energy per atom in a
metallic configuration. This energy is not low enough com-
pared to that of an isolated atom.

Consider the metal as a cubic lattice of positive ions (pro-
tons) in which there is a gas of free-electrons, one per ion. In
our simplified consideration, this gas represents a uniform
negative charge distribution of one unit — e of charge per
cell. A cell is a cube of side length d with a proton in the
center. Let us determine the electrostatic energy. We ne-
glect the effect of all neighboring cells because the total
charge in each cell is zero in the average. We approximate
the cubic cell by a sphere of equal volume whose radius is
r, = (3/4m)"/%d. (See Fig. 1.) The electrostatic energy ¥ of a
negative charge — e distributed uniformly over the sphere

® o ®
TN
|
® ®
® ® [
~———
d

Fig. 1. Cubic lattice. The cubic cells around the ions (black circles) are
replaced by spheres of radius .

940 Am. J. Phys. §3 (10), October 1985

and a positive point charge at the center, is V= — 1.5¢%/
r,. Now we must add the kinetic energy. In the February
installment' we have learned about the minimum Kkinetic
energy of a free-electron gas with one electron in the aver-
age perd * [Eqgs. (3) and (4)]. Replacing d by r, we get for the
kinetic energy K of one electron

K =221(#/2mP). (1)

The total energy per cell is E = V -+ K. This sum has a
minimum for 7, = 1.47a; (ay is the Bohr radius) and a
corresponding energy £ = — 1.02Ry. These figures are ar-
rived at by using Egs. (3) and (4) from the April install-
ment.” A more detailed calculation, taking into account the
deviations from a free-electron gas and the interactions
between the electrons, gives E = — 1.05Ry. This shows
that our primitive approach is not much off the calculation.

This energy is slightly lower than the — 1Ry, the energy
of the isolated atom. However, the hydrogen metal is not
stable because the isolated atoms would form a gas of mole-
cules. The molecular bond is 0.34Ry (see Ref. 3) or 0.17Ry
per atom. Thus it pays to form a molecular gas instead of a
metallic lattice. At very low temperatures the H, molecules
form a regular array due to the weak intermolecular forces.
It is not a metal since the electrons are strongly bound in
the molecules.

Why are metals different from hydrogen? Let us begin
with sodium. The Na atoms consists of an inner core, a
closed shell of ten electrons, and a single outer electron
which is bound by the ionization energy 7 = 0.378Ry in-
stead of 7 = 1Ry in hydrogen. We intend to describe the
effect of the core on the outer electrons in terms of a poten-
tial energy function U (#), usually referred to as “pseudopo-
tential.” Outside the core radius, it is a Coulomb field of the
core charge + e. Inside there are two effects acting on the
electron. One is an increased attraction and the other is the
effect of the Pauli principle allowing the electron to pene-
trate the core only at a cost: It must get into unoccupied
quantum states within the core (see remarks at the end of
Ref. 4). _

The simplest way to take these effects into account is to
choose a Coulomb potential for »> r, and let it become
constant at 7 < ry:

U= —(e¥/r) for r>r,, U= —(e*/r) for r<ry, (2)

as shown in Fig. 2. Note that 7, is not really the core radius.
It is the radius of the region of constant potential energy
— é*/r,, which simulates the effect of the core. The actual
core radius is likely to be smaller. We find the value of 7, by
solving the Schrédinger equation for the lowest state in the
potential {2) and adjust 7, such that the energy of that state
is the negative of the observed ionization energy I of sodi-
um. A simple computer calculation gives 7, = 3.26a5.
Now we are able to determine the sodium lattice energy
and distance. We again assume a free-electron gas with a
kinetic energy (1) per electron. The average potential ener-
gy Vis easy to calculate with a uniform electron density
p=1/d? and the potential (2). The result for the sum
V+K=Eis
? e’ #
221 ——. 3
+ Py 3)

E=-2
2

xlm

1
+_..
. 2on

The minimum of (3) is at , = 4.08a, which compares fa-
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Fig. 2. The pseudopotential U (r) in units of Ry. It is a Coulomb potential
— &/routside r, and constant within 7,. The dashed line is the continu-
ation of the Coulomb potential.

vorably with the actual value 7, — 4.00a,. The energy (3)
for r, = 4.08a; is — 0.446Ry, which is lower by 0.068
Ry =0.93 eV than the energy of the isolated atom. The
actual energy needed to free a sodium atom from the lattice
is 1.11 eV. Now we must make sure that it would not pay to
separate the Na atoms and form a molecular gas. The bind-
ing of the Na molecule is 0.8 eV, that is, 0.4 per atom, less
than half the binding in the lattice.

This method of determining the lattice distance
d = (47/e)!%r, and the binding energy E is the same, in
principle, as the one used to determine the radius and ener-
gy of the hydrogen atom in Ref. 4. The two magnitudes are
determined by the equilibrium between the attractive force
given by (2) and the Schrédinger force; the latter is repul-
sive and tends to decrease the kinetic energy.

Let us apply the same method to copper. The ionization
energy of copper is 0.57Ry. A computer calculation shows
that r, = 1.65a; for the lowest state in the potential (2) to
be — 0.57Ry. With this value of 7, the minimum of (3)
occurs when 7, — 2.54a, and E = 0.67Ry. This would give
rise to a binding energy in the metal of 0.1Ry = 1.4 ¢V, less
than the observed 3.5 eV. But in copper the electron gas is
not as free as in sodium. Indeed, the properties of the elec-
tron gas in Cu can be described by introducing an effective
mass m*~ 1.5m. This makes the kinetic energy smaller;
the last term in (3) should be reduced by a factor m/m*.
Then the minimum of (3) gives r, =2.2lq, and E =

— 0.80Ry, leading to a binding energy of 0.23Ry = 3.1 eV
reasonably close to the actual value of 3.5 eV. The observed
value of r,is 2.7e5, which is 25% larger than the calculated
one.

What is the physical interpretation of the metallic bond?
Why do metal atoms form solids and hydrogen not? We
will answer these questions in the simplest possible way for
metals with one conduction electron per atom. We make
use of the free-electron gas approximation implying a uni-
form charge density of electrons, and the simple pseudopo-
tential U (r) given by (2).

Figure 3 shows the electron density p, of the Na atom
and p,, of the metal in a cell around a given ion. Both
densities add up to one unit when integrated over all space
in the case of the atom, and over the cell volume (a sphere of
radius r,} in the case of the metal. When we go from the
atom to the metal, the electron distribution changes in two
ways: (1) the charge in the peak near r = 0 (cross hatched in
Fig. 3) is moved to regions of the cell further out where
Pm >Pa; (2) the charge outside 7, is moved to inside 7,. The
first change should be executed such that the peak charge is

941 Am. J. Phys., Vol. 53, No. 10, October 1985
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Fig. 3. The electron density p, in the sodium atom and p,,, in the metal.
The units are 10> a; °.

transferred to the region between r ' and r,, where ' is the
radius beyond which p, is less than p,,. (There is enough
space in that region because it is a spherical shell.) The
second change fills in the rest of p,, . It is easily seen that the
potential energy is decreased. The first change does not
alter it since U is constant between O and r,; the second
change lowers the potential energy since U is lower inside
of r, than outside. It turns out that the kinetic energy (1) of
the metal and that of the electron in the atom are practical-
ly the same. Thus the total energy is lower in the metal than
in the isolated atom. If m* > m as in Cu, the kinetic energy
of the metal is also lowered; this contributes to the bond.

Why is it not so in hydrogen? Figure 4 shows the corre-
sponding situation. The potential U (r)is — ¢°/rall the way
to the center. This has two consequences: First, the cross-
hatched peak is much larger; second, the transfer of the
peak to the uniform metallic density increases the potential
energy since U () has no flat region as in the metallic case.
This increase almost cancels the decrease due to the trans-
fer of the charge from outside r, . The kinetic energies again
are about equal so that no binding results.

How do we interpret the main effect causing the metallic
binding: the transfer of the atomic charge outside of r, to
the region inside 7, ? Let us call this charge the “tail of the
atoms.” If we put isolated sodium atoms together to form a

0.3 1

o.zJ

0.1 /'/?,,

N

i 1
]

n
[o] 2 r/ag

Fig. 4. The electron density p, in hydrogen and p,, in the hypothetical
hydrogen metal.
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metal, the tails of neighboring atoms overlap with the
charge distribution of a given ‘“central” atom and trans-
form its p,, a decreasing function of r, into the constant
function p,, . In other words, parts of the electrons of the
neighboring atoms get into the cell of the central atom and
are attracted by the central core. This is responsible for the
increased binding. Thus the metallic bond comes from the
fact that each electron is attracted by more than one ion.
Qualitatively speaking it is the same mechanism that

causes the molecular bond (see Refs. 3 and 5).

Victor F. Weisskopf

V. Weisskopf, Am. J. Phys. 53, 109 (1985).
2V. Weisskopf, Am. J. Phys. 53, 304 (1985).
3V. Weisskopf, Am. J. Phys. 53, 399 (1985).
4V. Weisskopf, Am. J. Phys. 53, 206 (1985).
V. Weisskopf, Am. J. Phys. 53, 522 (1985).

PROBLEM: THE NATURAL FREQUENCY OF A VIBRATING PARTICLE
CONNECTED TO N ARBITRARY SPRINGS

PART A. Consider the system shown in Fig. 1 in which a
particle of mass m is connected to an arbitrary number of n
linear springs, each having a spring constant k;; (i = 1 to n).
x and y are the coordinates of the particle. The system is
constructed so that the stretch of each spring is the distance

kz

\fricfionless
quide

Fig. 1. A system whose springs have zero effective unstretched length.

942 Am. J. Phys., Vol. 53, No. 10, October 1985

from m to the corresponding point a;, b;; (i=1 to n).
Hence the effective unstretched lengths of the springs are
zero. Describe the motion of the system. Compare the re-
sults with the system considered in part B.

PART B. The system shown in Fig. 2 consists of a parti-
cle of mass m, connected to n springs having different con-
stants. The springs are unstretched when the x and y co-
ordinates of m are zero. Note that unlike part A the springs
have a finite unstretched length. Describe the motion of the
system for small x and y. (Solution is on page 1009.)

Fig. 2. A system whose springs have a
finite unstretched length.
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Search for Simplicity: Thermal expansion

The length L of a rod of solid materials increases with
rising temperature. Call (AL ), the increase when the tem-
perature is raised by 1° K. Then the thermal expansion
coefficient is defined by

7=(AL),/L. (1)

This coefficient increases with temperature. However,
when we consider simple solids at room temperature, the
increase of 7 is small compared to its value within an inter-
val of, say, 100°. The increase of length AL is proportional
to an increase A7 of temperature: AL /L = 7AT as long as
AL<L.

In order to estimate roughly the value of 7, we assume for
a moment that AL is proportional to AT even for large
changes of AL. Assume we deliver energy to the rod
amounting to the binding energy €, per atom. €, is the
energy necessary to liberate an atom from the material. If
we did this, the substance would fall apart. Let us now very
qualitatively equate “falling apart™ with a doubling of the
interatomic distances, hence a doubling of the length of the
rod AL = L. Let us further assume that the linear depen-
dence of AL on AT more or less holds even up to tempera-
tures corresponding to €5 per atom. AT is a measure of the
energy given to an atom. For example, a rise of temperature
by 1° corresponds roughly to an energy increase of the or-
der of the Boltzmann constant & per atom, whichis ~10~*
eV.(Theequipartition theorem ascribes the energy 3k7 toa
three-dimensional oscillator, so that the energy increase
would be 3k. But we are interested only in the vibrations in
one direction when we study the linear expansion of the
rod.) If the linear dependence of AL with AT holds, the
increase (AL ), for AT = 1° should be smaller than the in-
crease AL = L when each atom gets €5, roughly by the
ratio k /€y . Therefore, we get

L_AL) Kk _107%
L €p (fn)ev,

(2)

where (€5 ).v is the binding energy in eV, which is of the
order of a few eV for substances that are solid at room
temperature.

Table I shows that most expansion coefficients of such
solids are indeed of the order of several 10~>. The simple

Table I. Estimated and observed values 7. and 7, of the thermal expan-
sion coefficient, together with values of the binding energy (€;).v and the
Debye temperature 6. The estimated 7, is taken from (6); the other values
are taken from Ref. 1.

Substance T X100 1 X10° (€5)ev 8(K)
Li 2.7 4.5 1.6 344

Na 3.9 6.9 1.1 158

Al 1.3 2.3 3.4 428

C (diamond) 0.58 0.1 7.4 2230
Fe 1.0 1.2 4.3 470

Ni 1.0 1.3 4.3 450

Si 0.94 0.25 4.6 645

Cu 1.2 1.6 3.5 450

Rb 5.1 9.1 0.85 56

Pb 2.2 29 2.0 105

1140 Am. J. Phys. 53 (12), December 1985

reason is that an increase of 1° corresponds to an increase of
energy 10~ * to 1075 smaller than the binding energy.

The conclusion resulting in (2) is based upon the assump-
tion that the expansion is proportional to AT. Let us now
show that, for small temperature changes, the expansion is
indeed linear in AT To get an idea what it is all about, let us
look at two neighboring atoms oscillating around their
equilibrium positions a distance d apart. This should sym-
bolize a pair of atoms in the rod, with d the interatomic
distance. The actual distance is d + x, where x is the devi-
ation from equilibrium. As long as the potential energy Vis
quadratic in x—¥ = ax*—the motion is harmonic and the
average of x is zero, independent of the energy of vibration.
Harmonic motion is symmetric about the center and would
not lead to an expansion. But we expect an anharmonicity
since the restoring force is somewhat reduced for x > 0 and
increases for x <0. The resistance against stretching de-
creases at larger distances, and the resistance against shor-
tening increases at smaller distances compared to the har-
monic situation. This can be expressed in first order by a
cubic term in the potential V:

V=ax®—bx’, a,b>0. (3)
In an oscillatory motion the kinetic energy vanishes at the
extreme values x . of x. Therefore, we equate V" with the
total energy at x = x , . The equipartition theorem tells us
that the thermal energy of an harmonic oscillator is AT}

that will still be right if the anharmonic corrections are
small. We then get

kT =ax? —bx’, . (4)

Forb=0wefindx, = + (kT/a)"/?. Atroom tempera-
ture the cubic term is small compared to the quadratic
term, so that we may determine x , for b #0by putting the
b = 0 value into the second term of (4):

x2:t =£(1 ii H),
a a a

where the square root is to be taken positive. We therefore
find x_, and x _ by again observing that the second term in
the bracket is small compared to unity:

=4 [FL, b KT,
a 2a a
kT b kT
X_=— |4 ——-—
a 2a a

The two extreme values are no longer opposite and equal;
they are both shifted to larger values by

8= (b/2a% kT. (5)

The average X of x is no longer zero but near 8. It may not
be exactly.equal to § because the anharmonic motion leads
to a different averaging but, within our accuracy, X =4.
We can estimate the values of a and b by considering
what happens to ¥ {x) when x = d. Then, of course, (3} is no
longer valid and terms of higher order would become im-
portant. We expect ¥ (x) to be near the binding energy €,
for x = d. Itis then plausible to assume that the terms of the
expansion (3) are of the order of €5. We then may set
a~ey/d? b~¢€z/d?>, and get from (5) the relative expan-
sionto be (6/d )=} (kT /ep). We suppose that the length of
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the rod increases by the same relative amount as the dis-
tance between atoms. The expansion coefficient (1) is the
relative expansion per degree and we get

—4
‘r:—;——k—= 04310 (6)

€p (€5)ev
which is almost the same result as (2) resulting from an even
rougher estimate.

Table I compares the observed 7 at room temperature
with the experimental values. It also lists (¢;).y and the
Debye temperatures 8. The values from (6) are in reasona-
ble agreement with the facts, considering the rough esti-
mates. Sometimes Eq. (2) would have given better agree-
ment. Diamond and silicon are exceptions. In these cases,
however, the Debye temperature is much higher than room
temperature. This means that a good part of the atomic

vibrations are not excited, so that our assumption of an
energy kT per linear oscillation is not justified. For dia-
mond, 7 reaches already 0.51 at 1400 K and for silicon it is
0.45 at 1200 K. As expected, Eq. (6) gives better results at
those elevated temperatures.

Victor F. Weisskopf and Herbert Bernstein

' American Institute of Physics Handbook (AIP, New York, 1972), 3rd. ed.;
C. Kittel, Introduction to Solid State Physics (Wiley, New York, 1976),
5thed.

PROBLEM: TORRICELLI’'S NOZZLE

A cylindrical tank with radius R is filled with water to a
height H. A hole with radius 7 is drilled in the side of the
tank and a nozzle with an adjustable angle of elevation is

1141 Am. J. Phys., Vol. 53, No. 12, December 1985

inserted in the hole. What is the maximum range of the
water from the nozzle? (Solution is on page 1182.)

Search for Simplicity 1141
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Search for Simplicity: Maxwell, Rayleigh, and Mt. Everest

In a paper written in 1899' Lord Rayleigh quotes a letter
which he received from James C. Maxwell in 1873, who
was spending some weeks in Darjeeling, India. I like to
imagine Maxwell sitting on the hotel terrace and admiring
the view of Mt. Everest, wondering how clearly the moun-
tain was visible at a distance of about 150 km. He wrote,
among other things: “I have left your papers on the light of
the sky, etc. at Cambridge and it would take me, even if I
had them, some time to get them assimilated sufficiently to
answer the following question, which I think will involve
less expense to the energy of the race if you stick the data
into your formula and send me the result... . Suppose that
there are N{molecules] per unit of volume of the medium.
Find the index of refraction of the compound medium and
the coefficient of extinction of light passing through it. The
inquiry into scattering must begin by accounting for the
great transparency of air... .”” It is not known what Ray-
leigh answered. The paper in which he quoted the letter
was written 26 years later and was inspired by thinking
further about Maxwell’s question.

I will take the liberty of inventing a possible answer by
Rayleigh to Maxwell in 1873. Let us keep in mind that the
electron was unknown at that time. Nobody knew any-
thing about the electric structure of molecules or atoms. It
was known, however, that matter can be polarized in an
electric field, so that Rayleigh could have written down the
formula

d=akE, (1)

where d is the strength of the dipole induced in an air mole-
cule by an electric field E. There are N molecules per cm®.
Therefore the polarization P of air in the presence of an
external field E is P = Nd = NaE, a formula which is valid
because air is a material of very low density so that we can
neglect the polarizing effect of the fields of the neighboring
dipole moments. The electric susceptibility y is defined by
P = yE, hence y = Na. The connection between y and the
dielectric constant was known to be

€=1+4my,

and so was the relation n?> = € between the index 7 of re-
fraction and €. Therefore Rayleigh would have written

n?> —1=4rNa. (2)

What about extinction? When a plane light wave of a
given frequency o travels through air, each molecule be-
comes a vibrating dipole according to (1), where E is the
electric field of the light wave. Rayleigh also knew that a
single dipole, vibrating with a frequency w, radiates energy
in all directions at the rate of s ergs/s:

s=20 g7 _2 0 a5

3¢ 3¢
where a bar over a magnitude means its time average.

We consider air as an ideal gas, so that the location of
each air molecule is completely at random. Furthermore,
we neglect again the electric effects of the neighboring mol-
ecules (this is identical with the condition € — 1«¢1, which
is well fulfilled). Then the radiation of the molecules is
completely incoherent and the energy S, radiated away per
second by the molecules in one cm?® under the influence of
the incident light is

’

13 Am. J. Phys. 54 (1), January 1986

S = Ns = §(o*/c*)Na* E™. (3)
The energy flux (ergs/cm?/s) of the light wave is
F=(1/4m)cE™. , (4)

The flux decreases along the path of the light parallel to the
x axis because the energy § = N is lost in each cm?, so that
we get from (3) and (4)

aF _ 5= _ 81" onp
dx 3 ¢t
or F=F,exp( — x/L), with
L~'=(87/3) (0*/c*)a®N, (5)

where L is the extinction length, the distance in air at which
the light intensity is diminished by a factor 1/e.

Now Rayleigh would have compared (5) with (2), and
eliminated the then completely unknown quantity a:

L= 3u/2yA*[N/(n—1)]. (6)

Heretherelationsn’ — 1 =2(n — 1) andA = A /27 = c/w
were used. The shorter L, the stronger the extinction. This
formula is the well-known explanation of the blue color of
the sky: The extinction and therefore the scattering of sun-
light is proportional to 4 ~*, whereas n — 1 is known to
depend weakly on A. It has the value 0.28 X 1073,

What about N? Avogadro’s number was not too well
known at that time. Rayleigh probably would have used a
value for NV derived by Maxwell of 1.9 X 10'® per cm? for
standard conditions, a number quoted in his 1899 paper.!
The actual number is 2.7 X 10'°. Either number must be
reduced by a factor 0.75 for the height of Darjeeling. With
his number of N, he would have gotten 112 km for the
extinction length at a wavelength of 5.8 X 10~ cm. Con-
sidering the fact that a light beam from Mt. Everest to Dar-
jeeling goes mostly through air of lower density than that at
the endpoint, the result definitely explains that the great
mountain was easily visible at Darjeeling. Had he used the
correct value of N he would have arrived at L = 160 km,
implying even greater visibility.

Rayleigh was aware that the extinction of light in the
atmosphere may also be caused by dust or water vapor.
Thus the value (6) is an upper limit. In his 1899 paper he
draws attention to the counterintuitive conclusion from
(6) that L is proportional to N: if the air is denser it be-
comes more transparent! He says it in this manner: “If N be
regarded as altogether unknown we may reverse our argu-
ment and we then arrive (from the visibility of Mt. Ever-
est) at the conclusion that N cannot be greatly less than was
estimated by Maxwell.” A lower number would have given
a lower value of L, a stronger extinction. This seemingly
paradoxical state of affairs comes from the fact that
(n — 1) is an experimentally fixed number in these discus-
sions. Of course, the value of (n — 1) is proportional to N
[see Eq. (2) ], so that L is indeed inversely proportional to
N as expected.

Let us now jump into the 20th century. Today we can
determine the polarizability of a molecule in the air. We
can get a rough estimate by replacing the molecule by an
oscillator of frequency wy; this is the principal resonance
frequency of the molecule. Let e be the electronic charge
and m the mass of the oscillator. The amplitude x of an

© 1986 American Association of Physics Teachers 13



oscillation forced upon it by an electric field E of frequency
o is
x = (e/m)[E/} — &*)]. (7)

An air molecule has two kinds of resonance frequencies, in
the infrared and in the ultraviolet. The former come from
the vibrations of the atomic nuclei, the latter from electron
vibrations. Because of the mass in the denominator of (7),
only the electron vibrations are important. For vibrations
produced by visible light, »* can be neglected compared to
the ultraviolet 3. The oscillating dipole is d = ex and
therefore (1) and (7) give

a=e*/mw}, (8)

where m is the electron mass. It shows that a, and therefore

(n — 1), does not depend strongly on the light frequency
, in contrast to the emitted intensity (3). Inserting the
known values of (n — 1) and N into (4) we obtain a value
for a which, when compared with (8), gives a resonance
frequency of w, = 1.25X 10'® corresponding to a wave-
length of 1600 A. Indeed the ultraviolet absorption of air
begins at wavelengths of 2000 A and extends further into
the ultraviolet. An average of 1600 A in Eq. (8), therefore,
is quite satisfactory.

Victor F. Weisskopf

'Lord Rayleigh, Philos. Mag. 47, 375 (1899).

PROBLEM: DEPRESSURIZATION OF A SPACECRAFT

One of the fears of space travelers is that a meteor could
penetrate the hull of the ship, leading to rapid air loss and
depressurization of the cabin.

If a meteor did punch a hole 10 cm? in area in the cabm
wall, how long do we have to place a steel plate over the

14 Am. J. Phys., Vol. 54, No. 1, January 1986

hole before 109%, 30%, and 50% of the air is gone? Assume
the volume of the cabin is 100 m® and that the air is 50% N,
and 50% O, with initial pressure of 1 atm and initial den-
sity 1.25 kg/m>. (Solution is on p. 83.)

Search for Simplicity 14
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LETTERS TO THE EDITOR

Letters express personal opinions and may critically examine any aspect of physics or physics
instruction. They need not conform to our regular editorial policy and ordinarily are not reviewed.
From the large number submitted, published letters are selected for their expected interest for our
readers. They must be brief and are subject to editing, with the author’s approval of significant
changes. Comments on regular articles and notes are reviewed according to a special procedure and
appear in the Notes and Discussions section (see the “Statement of Editorial Policy” in the January
issue). Running controversies among letter writers will not be published.

GOOD PHYSICS, BAD HISTORY

My column, “Search for Simplicity:
Maxwell, Rayleigh and Mt. Everest”!
contains several historical errors
which I discovered with the help of
John Howard, editor of Applied Op-
tics, who is an expert on Lord Ray-
leigh; and with the help of C. W. F.
Everitt, who is an expert on Maxwell.
1 was misled by the letter from Max-
well to Rayleigh, quoted in Rayleigh’s
paper,” without telling the place of ori-
gin, in which Maxwell wondered
about the great transparency of air.
Later in the same paper, Rayleigh
used the example of Mt. Everest ap-
pearing “fairly bright at 100 miles dis-
tance, as seen from the neighborhood
of Darjeeling.” Maxwell said in his let-
ter that he “left your [ Rayleigh’s] pa-
pers at Cambridge,” from which I
concluded that he was on vacation and
that the letter came from Darjeeling.
This led to my story of Maxwell sitting
on the terrace of a hotel admiring the
sight of Mt. Everest.

The facts are different: First, Mt.
Everest cannot be seen from the hotel
in Darjeeling. One must travel several
miles to a place where it is visible. Sec-
ond, Maxwell never was in Darjeeling;
the quoted letter most probably was
written from Glenlair, in Scotland.
But Lord Rayleigh had been in Dar-
jeeling in 1897 and saw Mt. Everest at
that time. This may have been an in-
centive to take up again the question
of transparency of air which Maxwell
raised in his letter of 1873.

I hasten to add that the physics of
my column is correct. It was couched
in a historical phantasy. '

Victor Weisskopf

Department of Physics

Massachusetts Institute of Technology
Cambridge, MA 02139

'y, Weisskopf, Am. J. Phys. 54, 13 (1986).
?Lord Rayleigh, Philos. Mag. 47, 375 (1899).

393 Am. J. Phys. 54 (5), May 1986

CHARGE MOMENTUM?

A number of physicists enjoy mani-
pulating the fundamental constants of
nature into various combinational
groups. In this regard it might be of
interest to point out that in the MKSA
system of units the value of Planck’s
constant A divided by the product of
the speed of light ¢ and elementary
unit of charge e is numerically very
close to the value of Boltzmann’s con-
stant k. Using seven significant fig-
ures' the value of 4 /(ce) differs from
Boltzmann’s constant by less than one
part in a thousand, or (cek)/h

= 1.0008. This close agreement leads

to an interesting speculation with re-
spect to the units and some interesting
possible physical laws. If Boltzmann’s
constant were equal to the ratio h/
(ce) then the Kelvin temperature unit
would have to equal (dimensionally)
the product of charge times accelera-
tion. One could then define “charge
momentum” as the product of the
charge times the velocity and the un-
balanced absolute temperature would
thus equal the time rate of change of
the charge momentum, in analogy
with Newton’s second law of motion.
And, if the unbalanced temperature
were zero during a collision process
then one would have a conservation
law of “charge momentum.”

Gerald A. Kitzmann
Physics Department

State University of New York
New Paltz, NY 12561

"The values used are h = 6.626 176 E — 34 Js,
c=2997925 E +8 m/s, e=1.602189
E—-19C,and k = 1.380662 E — 23 J/K.

REDUCED MASS AND THE
BOHR RADIUS

In a recent note in this Journal,' J.
D. McGervey helpfully points out an
error which is found in a large number
of modern physics discussions. He

makes it clear that this error results
from using the reduced mass to calcu-
late the radius of the electron orbit in
the Bohr model of the hydrogen-like
atom. Rather, it is the mass of the or-
biting particle that should be used: Us-
ing the reduced mass gives the separa-
tion of the two particles in the Bohr
model.

The purpose of this letter is to point
out that there is another place that this
confusion and potential for large error
is found. Many modern physics and
quantum mechanics texts also make
essentially the same error in discuss-
ing the radial solutions to the Schro-
dinger wave equation (SWE) for the
hydrogenlike atom. Typically, the ra-
dial solutions (and, of course, the
complete wavefunctions) contain the
parameter a,. Most books identify a,
as “the Bohr radius” or ““the radius of
the first Bohr orbit.”

However, a, is not the radius of the
first Bohr orbit. The SWE and this re-
sulting parameter include the reduced
mass, not the mass of the orbiting par-
ticle. Therefore, aj, is actually the sep-
aration of the two particles in the
ground state of the Bohr model for
Z = 1. For the hydrogen atom itself,
the difference between separation and
orbit radius is small, but for positron-
ium, muonic atoms, etc., large errors
can result from confusing them.’

There is no reasonable way for the
author of this letter to check every
modern physics and quantum me-
chanics book in print for this confu-
sion. Two texts® were found out of the
20 or so checked that did distinguish
between the radius and the separation.
They did so by using g, for the radius
and a; for the separation, with ag ap-
pearing correctly in the solutions to
the SWE.

T. R. Sandin

Physics Department
North Carolina A and T
State University
Greensboro, NC 27411
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Search for Simplicity: Mountains, waterwaves, and leaky ceilings

We would like to find a reason why the highest eleva-
tions of mountains on Earth are of the order of 10 km. It
must be connected with the rigidity of rock. We assume
that the volcanic and tectonic activity of the Earth pro-
duces elevations and depressions of the Earth’s surface.
What limits the height of the elevations? We simplify a
mountain by a block of silicon oxide resting on a plane
surface of the same material (see Fig. 1). The mountain
will be too high to be supported by the base when the block
is 50 large that the base matter starts to flow; the mountain
will have reached its maximum height when plastic defor-
mation sets in.

Let H be the height of our block at which it begins to
sink. The H will be roughly the maximum height which a
mountain can reach. This height is reached when the ener-
gy gained by letting the mountain sink is equal to the ener-
gy necessary to engender plastic flow. The amount of mat-
ter undergoing plastic deformation is about equal to the
amount of mountain matter which sinks into the ground.
The sinking of the mountain by the amount §<H is equiva-
lent to moving a layer of thickness & from the top into the
ground, displacing a comparable volume by plastic flow.
Hence, roughly speaking, the amount of gravitational ener-
gy gained by lowering matter from the height H to the
ground must be equal to the energy for plastic deformation
of the same amount of matter. The calculation can be done
for each molecule separately. Let us call €, the energy per
molecule necessary to induce plastic flow. Then we get the
relation

AmHg = ¢, , (1)

where A = 60 is the molecular weight of SiO,, m is the
mass of a proton, and g is the gravitational acceleration on
Earth.

How can we get an estimate of €, ? Plastic flow is a rear-
rangement of the molecules. When it occurs the molecules
must pass through spatial arrangements that would not
occur in the solid phase but rather in the liquid state. We
get an idea of the energy necessary to get to these states by
melting the substance and then supercooling the liquid
back to the original temperature. Assuming that the heat
capacities of the solid and the supercooled liquid state are
the same, the energy necessary for this process is the melt-
ing heat €,, at melting temperature. For SiO, €,, = 0.148
eV per molecule. We therefore conclude that €, ~0.15 eV.
We then obtain H ~ 14 km. This result is surprisingly close
to the actual value of 10 km.

This estimate is based upon a competition between two
effects: the gravitational force and the rigidity of the mate-

3

12 'Y

Fig. 1. The sinking of the mountain by the amount & corresponds to the

displacement of a layer of thickness & from the top into the ground, and to
a plastic flow of a comparable volume in the ground.

110 Am. J. Phys. 54 (2), February 1986

rial. The energy €, measuring the rigidity is connected with
atomic energies. It is a fraction £e5 of the binding energy
€z = 6.5 eV (the energy needed to extract a molecule from
solid SO,). As expected, the coefficient £ is rather small:
& = 0.023. The binding energy €5 = 7 Ry is of the order,
but smaller, than the Rydberg energy Ry = me*/2#7, with
7 = 0.48. Expressed in fundamental constants, we get

H=_§nRy/(4Amg) . (2)

Let us now look at two other seemingly very different
natural phenomena: the size of drops on a leaky ceiling, and
water waves on the surface of a lake. What is the size of the
drops forming on a leaky ceiling when they fall down? The
leaking water forms a thin film on the surface which is
unstable. A slight accumulation at one point starts growing
downwards by water flowing into it from all sides, since
this reduces the gravitational energy (see Fig. 2). When
will the drop come off?—when the gravity force becomes
larger than the surface tension that keeps the drop on the
ceiling. The surface tension S'is an energy per unit area or a
force per unit length. Let us approximate the drop as a
hemisphere of a radius R pointing downwards. Then the
force F holding it up is the surface tension along the periph-
ery where the drop merges with the film on the surface:
F =27RS. When this force becomes equal to the gravity
force (277/3)R *pg, the drop will fall. Here, p is the density
of water. We then get for the radius of the drop (5= 73
dyn/cm in water):

R=(35/gp)"*=047cm. (3)

The result is not exact since the form of the drop when
attached to the ceiling deviates from a hemisphere, in parti-
cular shortly before separation. However, it does give a size
of the drops not far from the one we do observe all too
frequently.

Let us now turn to the water waves. When a light breeze
starts blowing over a quiet surface of a lake, the wavelength
A of the initial waves is of the order of a few centimeters.
“Willows whiten, aspens quiver, little breezes dusk and
shiver” as the poet Tennyson says. We will not enter into
the physics of wave production; suffice it to say that the
wind transfers its energy first to those waves whose propa-
gation velocity v is lowest. The expression for v is

v= (g +S/Ap)'?,

where S is the surface tension, p the density of water, and
#A=A /2. The first term comes from the gravity and the
second term from the surface tension. It is evident that the
longer #, the stronger gravity acts as a restoring force, and
the smaller# the more the curvature of the surface causes a
restoring force. The minimum of v occurs at

A, = (S/gp)/*=028cm. (4)

The corresponding minimum value v,,, is 23 cm/s. A wind
with less than this speed would be unable to produce waves.

L[4 L L L L L L L L L LS

e

Fig. 2. The forming of a water drop from a thin water film below a surface.
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This is why lakes are so much like mirrors, even in the
presence of weak winds. The first waves appear when the
breeze surpasses v,,, and should have a wavelength of
27 #,,. Actually the minimum velocity v,, is somewhat
smaller and the corresponding wavelength 4,, is somewhat
larger, because we should have done our estimate by using
the group velocity instead of the phase velocity of the
waves, but the order of magnitude is the same. We would
havefoundv,, = 18 cm/s,andA,, = 4.4cm. Note that#,,
is the same length as the radjus of the falling drop as given
by (3) apart from a factor v3 for the phase velocity calcula-
tion or a factor 0.68 for the group velocity calculation.

In order to compare these results with the mountain
height, we express .S and p in terms of molecular properties.
The binding of a molecule at the surfaceis (1 — £’) times
the binding energy €, in the interior. In the January 1985
installment," we found that £ ' is about . In water it is some-
what smaller: & = 0.093. The surface tension expressed as
energy per unit surface is S=£'y Ry-d ~?, where
€p = 7 Ryanddisthe dlstance between molecules so that
d —? is the number per cm® of surface. For water,
¥’ = 0.037, and the density isp = 4 'm/d >, where A ' is the
molecular weight of water 4’ = 18. We then get

where the second equality comes from a comparison with
(2). The factor C is not too far from unity: C=1.8. In
other words, A,, and the size of falling drops R are roughly
the geometric mean between the maximum height of the
mountains and the intermolecular distance d.

How about the maximum height of mountains on other
planets? For this aim we must express the earthbound
quantity g by means of Newton’s constant G: g = GM /
R %, where M and R, are the mass and radius of the Earth,
We put M = (47/3)R } pp, where pp = 5.5 g/cm? is the
mean density of the planet. We then get the value
g = (4n/3)G ppRp, and from (2):

H=R}/Ry, R} = (3/4m)énRy/(AmGpp). (5)
With the values of , 7, and p valid for the Earth, the length
R, is 300 km. Equation (5) tells us that the maximum ele-
vations on different planets are inversely proportional to
the radius if the material properties are nearly the same, as
they are more or less for Mars and our moon. Thus the
mountains and valleys on Mars ought to be about twice as
high or deep than on Earth. This is indeed the case. The
elevations on the moon ought to be six times larger; actual-
ly they are much lower. This is because, in contrast to the
Earth and Mars, the moon has had no tectonic activity for a
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long time, so that its surface has been flattened by meteoric
erosion and other causes.

According to (5), a celestial body of a radius R SR,
would sustain mountains comparable to its radius. Such a
body could be nonspherical if no liquefaction took place
after it assumed such a shape. The gravity would be no
longer able to produce an approximate sphere by plastic
deformation. The critical radius is R ~ 300 km if the mate-
rial composition is similar to that of the Earth. Indeed all
known nonspherical celestial bodies, such as the moons of
Mars and some moons of Saturn, are smaller than R,

It is instructive to express H or 4,, not in an anthropo-
morphic unit such as kilometer but in terms of the only
“dignified” unit among atoms: the Bohr-radius ¢ = #2/
(me*) =0.53X10~% cm. Also, let us get rid of all nonato-
mic quantities in expression (5) such as the density p, and
the radius R of the planet, and express them in terms of
Np, the number of nucleons (protons and neutrons) in the
planet. Fortunately, the main constituents SiO? and Fe
have a very similar molecular weight, say, 4 ~60. We in-
troduce a distance d between them, which is defined by
(Np/A)d> = (4n/3)R } , and express it as a multiple of
the Bohr radius: d = fa, where f turns out to be 4.9 for the
Earth. We then get altogether for the maximum height of
mountains in terms of the Bohr radius

E=o,19§nfzi 1
a a

— 14
g

Here a/a; stands for ¢’/GM?, whereby a = e*/#c

= (137) 'and @z = GM ?/#ic = 6.1 X 10~ 3. The former
is the electromagnetic fine structure constant, the latter is
its analog for gravity. The appearance of the ratio of these
constants is an indication that H is the result of a competi-
tion between the atomic forces which are electric effect
governed by quantum mechanics, and gravity effects. The
smallness of a; is compensated by the large number N 3.
The square root of (6) gives the wavelength A,, produced
by a breeze on a lake, and the radius of a falling drop, in
terms of the Bohr-radius. Adjusting the constants £, 7, £,
and 4 to water, we get#,, /a =~ 10". The greatness of moun-
tains, the finger sized drop, the shiver of a lake, and the
smallness of an atom are all related by simple laws of na-
ture.

Victor F. Weisskopf

'Am. J. Phys. §3, 19 (1985).
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Letters express personal opinions and may critically examine any aspect of physics or physics
instruction. They need not conform to our regular editorial policy and ordinarily are not reviewed.
From the large number submitted, published letters are selected for their expected interest for our
readers. They must be brief and are subject to editing, with the author’s approval of significant
changes. Comments on regular articles and notes are reviewed according to a special procedure and
appear in the Notes and Discussions section (see the “Statement of Editorial Policy” in the January
issue). Running controversies among letter writers will not be published.

CORNU’S SPIRAL AND THE
MICROCOMPUTER

M. B. Stewart’s reworking’ of Has-
tings’ rational approximation for the
Fresnel integrals is given in the stan-
dard handbook by Abramowitz and
Stegun,” formulas 7.3.9-10 and
7.3.32-33 (pp. 301-302), and in many
other references.

Improved precision, both for the
Hastings formulas and for higher-or-
der approximations, is available in a
recent paper.>

Mark A. Heald
Department of Physics
Swarthmore College
Swarthmore, PA 19081
11 March 1986

'M. B. Stewart, Am. J. Phys. 54, 280 (1986).

M. Abramowitz and I. A. Stegun, Handbook of
Mathematical Functions (Dover, New York,
1965).

M. A. Heald, Math. Comp. 44, 459 (1985).
There is a typographical error in Eq. (3); the
positive sign between the two terms should be
negative.

ON CALCULATING FRESNEL
INTEGRALS

I read with interest the article by
Stewart! on calculating Fresnel inte-
grals with a precision of about three
decimal places by using a microcom-
puter. I have developed a program in
BASIC which may be of use to some
readers. It calculates Fresnel integrals
accurate to six decimal places for all
positive values of v. When applied to
optical diffraction, the parameter v is
defined in terms of the phase differ-
ence at a detector between signals
from different strips of an aperture:
(7/2)v* = phase  difference. For
v < 1.9 the program uses the first elev-
en terms of the power series derived by
integrating the standard expansions of
the sine and cosine functions. For
v> 1.9 it takes advantage of the fact
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that the Cornu spiral is centered at
(0.5, 0.5) with radius approximately
1/7v and polar angle approximately
7(v* — 1)/2. The difference between
this approximation and the true
Cornu spiral was empirically fit to a
five-term power series in 1/v°. The
“actual” power series in 1/v* is diver-
gent. This program is much longer
than the one which can be written us-
ing Stewart’s formulas, but the time
required for execution, once the coef-
ficients are set, is about the same (§s).
For v> 1.9 the majority of time is
spent by my microcomputer (TI pro-
fessional) in computing the trigono-
metric functions. This also consumes
most of the time in evaluating
Stewart’s formulas. It takes about the
same time to evaluate the eleven terms
of the power series for v < 1.9.

I will supply the program upon re-
quest.

Don C. Hopkins
Department of Physics

501 E. St. Joseph Street
Rapid City, SD 57701-3995
14 April 1986

'M. B. Stewart, Am. J. Phys. 54, 280 (1986).

PHYSICS OF MOUNTAINS

The article by Weisskopf' demon-
strated an interesting method for cal-
culating the maximum height of a
mountain. However, actual moun-
tains are shaped more like cones or
pyramids than right prisms, as Weiss-
kopf assumes. Assume the weight of
the mountain is evenly distributed
across the base. Then, since the vol-
ume of a cone or pyramid is § AH (4
the base area, H the height), it follows
that a mountain with the same mass,
density, and base area as Weisskopf ’s
rectangular mountain would have a
peak three times as high: This moun-

tain would have the same stress on the
base, and so the maximum possible
mountain height is 42 km, not 14. (In-
terestingly, this result is independent
of the base width of the mountain.)

The closeness of Weisskopf ’s result
to actual mountain heights is purely
coincidental.

Geoffrey A. Landis
Physics, Box 1843
Brown University

Providence, RI 02912

1V. F. Weisskopf, Am. J. Phys. 54, 2 (1986).

PHYSICS OF MOUNTAINS—
RESPONSE

The letter by Mr. Landis points out
correctly the danger of taking simple
semiquantitative results too literally.
All one should expect is the right or-
der of magnitude. Even a predicted
maximum height of a mountain of 42
km would be a significant result. More
over, my estimates were upper limits,
also because I have used the melting
heat €,, as a measure of the energy €,
necessary to induce plastic flow. This
was done to simplify the argument.
But €, is probably only a fraction of
the melting heat: €, = fe,,. Lattice
imperfections, cracks, and disloca-
tions reduce the resistance against de-
formations. A factor f~} would take
care of most of the objections by Mr.
Landis.

Furthermore most of the moun-
tains are created by tectonic upheav-
als, such as the collision of the Indian
subcontinent with the Asian shelf. At
the beginning the shapes of the moun-
tains may very well have been nearer
to a rectangular prism than to a cone.
The latter shape is the effect of ero-
sion. This does not hold, of course, for
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mountains formed by volcano activ-
ity. But there is no reason why such
mountains would reach the maximum
height.

Incidentally I would like to correct
a misprint in that column. The melt-
ing heat €,, = 0.089 and not 0.148 eV.
However the estimate of the height of
the mountain was made with the cor-
rect value. There is also some confu-
sion in the notation in the first formula
on p. 111, but the final values are cor-
rect.

Victor F. Weisskopf

Department of Physics

Massachusetts Institute of Technology
Cambridge, MA 02139

NOTE ON “THE AXIOMS
UNDERLYING MAXWELL'S
ELECTROMAGNETIC
EQUATIONS” [G. B. WALKER,
AM. J. PHYS. 53, 1169 (1985)]

The passage of over 35 years since
the appearance of our “Note on the
Presentation of Maxwell’s Equations”
in this very Journal' makes it under-
standable that Professor G. B. Walker
might have overlooked our work in
preparing his insightful article. We
had discussed how certain combina-
tions of

Gauss’s law V- E=p, (N

Ampere’s law V-H=J, 2)

Conservation of charge
VI+p=0, (3)

Maxwell’s 2nd equation without
charges

VXH=¢E, (4)
Maxwell’s 2nd equation with charges
VXH=¢E+1J, (5)

imply the remaining equations. In
particular we demonstrated how the
combination (1), (3), and (4) leads
to (5), and thence trivially to (2). We
paid particular attention to accommo-
dating the singularities engendered by
the passage of point charges through
surfaces of integration. Professor
Walker does essentially the same
thing, with perhaps less worry about
the singularities. We share with Pro-
fessor Walker the value of the insight
afforded by seeing how displacement
current implies the magnetic field as-
sociated with a current. In fact, we
wrote

«...It appears to us that a more suit-
able method of correlating the con-
cepts (of conduction current and dis-

placement current) is to begin with
the displacement current as funda-
mental; and then proceed to interpret
conduction current as a phenomenon
of the same nature, magnetically, as
the motion of the electric fields sur-
rounding the moving charged parti-
cles that constitute the conduction
current.”

But as much as this view appeals to us,
we are not so confident as to which
laws should be considered “facts,”
“doctrines,” “axioms,” or whatever.
That, however, is another story.

John P. Vinti
Department of Aeronautics
and Astronautics

" Massachusetts Institute of Technology

Cambridge, MA 02139

D. J. X. Montgomery
Department of Metallurgy,
Mechanics and Materials Science
Michigan State University

East Lansing, MI 48824

John P. Vintiand D. J. X. Montgomery, Am. J.
Phys. 17, 298 (1949).

REPLY TO THE NOTE BY
VINTI AND MONTGOMERY

At first sight it may appear that the
two papers cover the same ground and
differ only in detail in the calculation
of the magnetic effect of a current of
point charges. In fact, the subject of
Maxwell’s equations is approached in
very different ways.

The objective of the Walker paper is
to examine the following question. As-
suming Maxwell’s equations to be cor-
rect in a particular inertial reference
frame (as defined by Einstein) what in
fact are the laws of nature underlying
these equations? The objective of the
paper by Vinti and Montgomery, as
stated on p. 299, is to show how one of
Maxwell’s equations can be derived
from a form of that equation (omit-
ting the term indicating electric cur-
rent density) by the explicit use of an
equation expressing conservation of
charge. In other words, they are con-
cerned primarily with a mathematical
issue and in their current note quite
properly refer to the Walker paper as
“another story.”

It is to be hoped that the two papers
will stimulate interest in basic ques-
tions in electromagnetism which for
many years have come to be regarded
as dead issues by teachers, writers, and
journal review boards. That flaws in
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Mazxwell’s arguments have been ex-
posed is surely reason for teachers to
be wary of repeating these same argu-
ments solely on the grounds of tradi-
tion. My only criticism of the excellent
paper by Vinti and Montgomery is
that they continue to speak of “dis-
placement current” a phrase Maxwell
himself might now regret having in-
troduced.

G. B. Walker

Department of Electrical Engineering
University of Alberta

Edmonton, Canada T6G 2E!

ON MAXWELL’S FAITH

Paul Theerman’s recent article' ne-
geltcted two interesting points regard-
ing James Clerk Maxwell’s faith. As
Korg? has pointed out, the Victorians;
among their many phobias, had a ten-
dency to express a kind of “‘theological
agoraphobia,” if you will, after learn-
ing that the Earth was a minute speck
lost in the immensity of the universe.
Tennyson, who wrote In Memoriam,
AH—the credo which sums up the
nineteenth century crisis of faith—
called these vast reaches “the waste
places of the sky” (Canto 3). Perhaps
Maxwell envisioned future genera-
tions cured of this despair by the good
news to be discovered in his electro-
magnetic theory: Because the lumini-
ferous aether “fills the smallest por-
tion” of this immensity, Maxwell
believed he had not only unified elec-
tricity and magnetism, but had bound
the great universe together in unity, as
well. Here he seems to be addressing
Tennyson.

The vast interplanetary and in-
terstellar reaches will no longer
be regarded as waste places in the
universe, which the Creator had
not seen fit to fill with the sym-
bols of the manifold order of his
kingdom.?

As for F. D. Maurice, Theerman
did not describe the radical implica-
tions of his theology, which had him
briskly trounced from King’s College.
In brief, Maurice seemed to interpret
the famous phrase, “The kingdom of
God is at hand,” to mean, “The king-
dom of God is at hand, at your very
fingertips—in this life, not necessarily
in some afterlife. Pick it up and grasp
onto it.” For his damage to the pro-
mise of afterlife, Maurice was regard-
ed as dangerous; as poison.

The interesting question that re-
mains is not so much why Maxwell
embraced this enlightened view and

Letters to the Editor 872



	Search for Simplicity

	comments and response


	Quantum mechanics and the Pauli principle

	Quantum mechanics of atoms

	Atoms with several electrons

	The molecular bond

	comments and response


	Chemical energy

	The size of molecules revisited

	The cohesive energy of solids

	The metallic bond

	Thermal expansion

	Maxwell, Rayleigh, and Mt. Everest

	correction


	Mountains, waterwaves, and leaky ceilings

	comments and response





